THE SPARSE CIRCULAR LAW UNDER MINIMAL ASSUMPTIONS

MARK RUDELSON AND KONSTANTIN TIKHOMIROV

ABSTRACT. The circular law asserts that the empirical distribution of eigenvalues of appropri-
ately normalized n X n matrix with i.i.d. entries converges to the uniform measure on the unit
disc as the dimension n grows to infinity. Consider an n X n matrix A, = ((5%‘)521)), where

EZ(;’) are copies of a real random variable of unit variance, variables 527) are Bernoulli (0/1) with

]P’{égb) =1} = pn, and 51(;1) and £ i,j € [n], are jointly independent. In order for the circular

ij

law to hold for the sequence ( An), one has to assume that p,n — oco. We derive the

1
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circular law under this minimal assumption.
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1. INTRODUCTION

For any n x n matrix B, denote by p,(B) the spectral measure of B, that is, the probability
measure

1 n
pin(B) := - Zl 9 (B)>

where \i(B), ..., \y(B) are eigenvalues of B.

Let (A,,) be a sequence of random matrices where for each n, the matrix A, has i.i.d. entries
equidistributed with a real or complex random variable £ of unit variance. The circular law for
(A,) asserts that the sequence of spectral measures yn(ﬁAn) converges weakly (in probability

and almost surely) to the uniform measure on the unit disc of the complex plane [32].

The paper [32] is a culmination of a line of research which includes works [15] 13|, [16] 1], 17} 24
31], where the circular law was established under additional assumptions on the distribution of
the entries. The case of Gaussian matrices, when an explicit formula for joint distribution of the
matrix eigenvalues is available, was treated in [I5] [I3]. For general distributions of entries, the
known proofs of the circular law are based on the Hermitization strategy introduced by Girko
[16] (see Section [2[ below). Following the strategy, Bai [I] established the law when the matrix
entries have a uniformly bounded density and satisfy some additional moment conditions. The
assumption of bounded density, which allows to easily overcome the problem of singularity for
shifted matrices A,,—z Id, was removed in [17), 24, [3T], following a rapid progress in understanding
invertibility of non-Hermitian random matrices [26, B0, 27]. We refer to survey [6] for further
information on the history of the circular law.

A natural counterpart of the above setting are sparse non-Hermitian random matrices. Now,

(n)
1y
independent copies of a random variable with unit variance, and 61-(?) are Bernoulli random

for each n let A, be a random n X n matrix with entries of the form 52-(;05 where fi(;-l) are

variables jointly independent with fz(?), with P{ég) = 1} = pp, for some numbers (p,)52 ;.
Under some additional moment assumptions and under the condition that for some (arbitrary)
fixed € > 0 the sequence p, satisfies p,n > nf, the circular law for the sequence of spectral

measures of matrices —~—— A,, was established in [31], 17, 34]. Compared to the dense regime,

N
additional difficulties in the sparse setting arise when bounding from below the smallest and
“smallish” singular values of shifted matrices A, — zId (see Section [2| for further discussion).
For p,n > C'logn, strong lower bounds on $yin (A, — 2z Id) were obtained in [4] [5], which allowed

to prove the circular law for (ﬁAn) when p,n is at least polylogarithmic in dimension and &

is subgaussian of zero mean [5].

Let us note that for a special model of random matrices — adjacency matrices of random
d-regular directed graphs — the circular law was recently established in papers [12, 3] (for
degree d at least polylogarithmic in dimension) and in [22] (for d slowly growing to infinity with
n). Paper [22] was the first to treat the case of non-Hermitian matrices with a sublogarithmic
number of non-zero elements in rows and columns. One of key elements of the proof in [22] is a
lower bound on the smallest singular value of a shifted adjacency matrix, derived in [12] 20]. It
was shown in [20] that, for d slowly growing to infinity with n, the smallest singular value of the
uniform random d-regular matrix is bounded below by a constant (negative) power of n with
probability going to one as n — oo.

Analogous assertion for smin(Ay) is false for the sparse model with i.i.d. entries discussed
above. Indeed, if p, = }P’{égl) = 1} < logn/n then with constant (non-zero) probability the
matrix A, is singular. The presence of a large number of zero rows and columns in the very
sparse regime requires a completely different approach to studying invertibility of the shifted
matrices A, — zId, compared with [31} 17, 34 [5] (see Section . For a real random variable
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1, define the concentration function £(v,t) := sup,cg P{|¢p — r| < t}, ¢ > 0. One of the main
technical results of this paper is

Theorem 1.1 (Bound on spyi, of a shifted matrix; Theorem [7.1). For any o > 1 there are
Coyco > 0 depending only on o with the following property. Let n > Cq, p € (0,1] with
Co < pn < n1/8, and let A = (aij) be a random n x n matriz with i.i.d. real valued entries
a;j = 6;5&i;, where &5 is the Bernoulli (0/1) variable with P{d;; = 1} = p and &;; is a variable
of unit variance independent of d;; and such that L(&;;,1/a) <1 —1/a. Further, assume that
z € C is such that |z| < pn and [Im(z)| > 1/a. Then

P{Smin(A — zId) < e—Ca log3n} < (pn)_ca'

The above theorem, together with estimates of intermediate singular values, allows to prove
the main result of the paper:

Theorem 1.2. Let £ be a real random variable with unit variance. For eachn > 1, let p, satisfy
pn < nt/8, and assume additionally that lim p,n = co. Further, for everyn let A, be an nxn
n—oo

random matriz with i.i.d. entries a;; = 0;; &, where 6;5 is a Bernoulli (0/1) random variable
with P{0;; = 1} = pp and &; are i.i.d. random variables equidistributed with & (and mutually
independent with 6;5). Then, as n converges to infinity, the empirical spectral distribution of
\/plTnAn converges weakly in probability to the uniform measure on the unit disc of the complex

plane.

Note that for finite p,n, the multiplicity of zero eigenvalue is bounded from below by a
constant proportion of n with a large probability, so convergence to the uniform distribution on
the disc does not hold. In that respect, our theorem is proved under the minimal assumptions
on the sparsity.
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work environment.

The research of the first author was supported in part by the NSF grant DMS 1464514
and by a fellowship from the Simons Foundation. The research of the second named author
was supported by the Viterbi postdoctoral fellowship while in residence at the Mathematical
Sciences Research Institute.

2. OVERVIEW OF THE PROOF

The circular law was initially proved by Ginibre [15] for matrices with i.i.d. complex normal
entries, and by Edelman [13] for i.i.d. real normal entries. All known proofs of the circular law
for more general classes of random matrices rely on the strategy put forward by Girko [16]. This
strategy is based on using the logarithmic potentials of the empirical measures of the eigenvalues.
Namely, let B, n € N be a sequence of matrices, and let

1 n
Hn = o Z 5,\j(Bn)
j=1

be the empirical measures of their eigenvalues. The measures p, converge to a deterministic
measure p weakly in probability if for any bounded continuous function f: C — C, [ fdu, —
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J fdp in probability. To establish this convergence, it is enough to show that the logarithmic
potentials of py,

Fuz) = [ oz |z = wl dies(w)

converge to the logarithmic potential of i a.e. The logarithmic potential can be rewritten as

n

n 2n
1 1 1
Fa(z) = - logldet(By — 2Tdy) | = 3" log|\j(B) — 2 = 5 > log |\ (Ha(2))],
j=1 7=1

where H,(z) = ((angldn)* (B"_OZId")> is a Hermitian matrix. The eigenvalues of H,(z) are the
singular values of B), — zId,, and their negatives. Denoting the empirical measures of the singular
values of B,, — zId,, by v, ., we have to establish the convergence of fooo log « dvy, () for almost
any z € C. This argument allows to pass from the empirical measures of the eigenvalues to more
stable empirical measures of the singular values. To establish the convergence of logarithmic
potentials in the latter case, it would be sufficient to prove the weak convergence of the measures
Un,. to some limit measure as well as the uniform integrability of the function log z with respect
to vy .. The last step is needed as the function logx is unbounded at 0 and oo.

To prove the circular law for sparse random matrices, we set B, = (1/,/p,n)A,. In this case,
the weak convergence of the measures v, . can be derived following the methods already existing
in the literature. The main problem therefore is establishing the uniform integrability of the
logarithm. It splits in two parts: checking the uniform integrability at oo and at 0. The first
one turns out to be simple due to the fact that the Hilbert-Schmidt norm of (1/,/p,n)A, has a
finite second moment:

1 n

2

ENIQ/Vonm) Anllys = = E|(An)i I* < oo.
"=l

Thus, the derivation of the circular law reduces to checking the uniform integrability of log x at
0 with respect to the measures v, ,. Although this looks like a minor technical issue, this was
a main step in the proof in all other settings where the circular law was established. Attacking
it required developing a number of different methods ranging from additive combinatorics and
harmonic analysis to measure concentration and convex geometry. Yet, checking the uniform
integrability for very sparse matrices present multiple new challenges which cannot be handled
by these techniques. This means that although Girko’s strategy can be used in proving the
circular law for very sparse random matrices, its implementation requires new ideas at each
step.

Let us discuss these challenges in more details. The first, and usually the most difficult step
is obtaining a lower bound for the smallest singular value of A, . := (1/\/pnn)A, — z1d,. Such

bound frequently comes in the form P(sn(gn,z) < n~ ¢ = o(1) for some absolute constant ¢ > 0.
If proved, this bound allows to estimate m(n) = o(n/logn) smallest singular values of A, .

by the minimal one and conclude that (1/n) Z?:n_m(n) logs;(Ap.) = o(1) with probability
1—o(1). In [17, 24, 31, B2, B34, [5, 12, 20], the bound on the smallest singular value was uniform
over z. If we consider the range of sparsity p,n < logn, such uniform bound cannot hold as the
matrix Avn,z contains a zero row with high probability whenever z = 0. It may seem that this
problem has an easy fix. Since we have to bound the smallest singular value for a.e. z € C, we
can assume that z # 0. This would ensure the absence of entirely zero rows. However, the zero
rows is not the only obstacle we have to tackle to bound the smallest singular value. Consider,
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for example, the matrix of the form

z 2z 0 0
A Zr Vpk . 10 =z 2z --- 0

) Bo= () wmz= |02 B0
0 z

where Zj, is a k x k matrix, and V,,_j, W,_j is any k x (n — k) and (n — k) x (n — k) matrices
respectively. We can choose V,,_; and W,,_ so that all rows and columns of the matrix B,
are non-zero. However, regardless of the value of z and the choice of V,,_p, W, _k, the smallest
singular value of B,, satisfies s,(B,) < 2-k+1 Ty be able to bound the smallest singular
value from below in our setting, we have to identify the “almost singular” sparse deterministic
matrices and show that the matrix (1/,/p,n)A, — 21, cannot be of this type with any significant
probability.

On a more technical level, the estimates on the smallest singular value obtained in the papers
mentioned above rely on discretization of the sphere S™~! using e-nets and approximation of
certain subsets of the sphere using these nets. A uniform estimate of || Bz, over « from the
e-net uses the union bound. However, if we know only that p,n — oo without any prescribed
rate, the union bound becomes largely unavailable. A related problem appeared in [20] where a
lower bound on the smallest singular value of random d-regular matrices is derived for d — oo
with arbitrarily slow convergence, however, absence of zero rows/columns and dependencies
make that setting completely different. These obstacles show that obtaining a smallest singular
value bound would require developing a new method taking into account the structure of the
non-zero entries of A, as well as replacing the classical e-net argument with a more delicate
discretization approach. We will discuss the details of our method below.

Besides the smallest singular value of the matrix B,, the uniform integrability of the log-
arithmic potential requires the bound on the smallish ones. More precisely, we have to show
that the contribution of these singular values (1/n) ) logs;(Ay,z), where the sum is taken over

Jj < n—m(n) with s;(A,.) < can be made arbitrarily small by choosing an appropriate 0
independently of n. In some previously considered settings this was a relatively easier step.
Following [32], one can use the negative second moment identity to obtain such bound. This
identity allows to bound the singular value s,_;(B;) of an n X n matrix B,, in terms of the
distances between one row of B, and the linear span of n — j other rows. To obtain a small
ball probability estimate for such distance, one uses the measure concentration. Then passing
from the estimate of a single distance to the negative second moment uses the union bound over
rows. Yet, as before, for very small p,, the measure concentration estimate we can obtain this
way is too weak to be combined with the union bound. Moreover, to guarantee the uniform
integrability, we have to bound many intermediate singular values at once. In previous papers
this was also achieved through using the union bound. In [22], which deals with the circular law
for adjacency matrices of d-regular graphs in the very sparse regime (with d — oo arbitrarily
slowly) a similar problem was resolved by deriving strong small ball probability bounds for those
distances, however, the techniques are tailored to the d-regular setting and cannot be applied
in our context. In short, the weak probability estimates which preclude using the union bound
is the main challenge in considering sub-logarithmic values of p,n.

To overcome this obstacle, we introduce a new method. We will define a global event &y44
which occurs with probability 1 — o(1). This event would reflect both the structure of the non-
zero entries of the matrix and the magnitudes of the entries. The aim of this construction is to
ensure that conditioned on £y4,4, we can obtain much better probability estimates allowing us to
use the union bound whenever necessary. Construction of this event £4,,4 0ccupies a significant
part of this paper.
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To determine the obstacles to a good smallest singular value estimate, let us look at example
again. It immediately points to one of the possible problems, namely, the presence of the
columns having a small support. Furthermore, if we replace the coefficient 2 in this example,
say, by 1/2, the upper estimate for s,(B,) is no longer true in general. This means that we
have to pay a special attention to the support of the columns as well as to the distribution of
entries having large absolute values. To account for both phenomena we associate to the random
matrix A, = (6;;&;;) a random directed bipartite graph G defined as follows. The vertex set
of the graph is [n] U [n] (the union of left and right vertex sets). For every left vertex i and
a right vertex j, there is a directed edge from i to j (i — j) if and only of d;; = 1, and a
directed edge i < j iff |0;;&;;| > 1/, where a > 0 is a parameter. Alternatively, the graph
can be described by introducing an auxiliary collection of i.i.d random Bernoulli variables (u;;)
mutually independent with d;;, such that P{yu;; = 1} =P{&; > 1/a}. Then i < j iff 0;;1;; = 1.
The graph can be analyzed independently of the matrix A,,.

A column having too few large entries will correspond to a right vertex of a small out-degree
in this encoding. We will regard these vertices as exceptional. After removing the exceptional
vertices and all their left neighbors, we will get a subgraph, some of the right vertices of which
can have a small out-degree. We will add these to the exceptional vertices and continue the
process iteratively. The precise definition of the set of exceptional vertices appears in Subsection
where they are called vertices of a finite type. We analyze this set in Subsection and
show that with probability close to 1, the set of exceptional vertices has cardinality at most
exp(—cppn) - n.

Note that for z # 0, the graph associated to the matrix Znyz has all horizontal edges 7 — j
and j < 7, j € [n]. After identifying the exceptional vertices, we will identify paths in the graph
presence of which may result in a small least singular value. Here, we can also take guidance
from example , where the matrix Zj gives rise to a zig-zag path of the length 2k whose
edges going from right to left are horizontal. Such special paths called chains are introduced and
studied in Subsection [£.3] In this subsection we prove that with high probability, the associated
graph has no long bad (self-balancing) chains, and estimate the number of short ones.

Subsection [£.5] defines a notion of a shell which is crucial in connecting the properties of the
matrix to the geometry of the associated graph. Roughly speaking, an M-shell A = (Cg)zizo is a
sequence of subsets of right vertices such that each vertex in each layer Cysy is reachable from
the previous layer Cy by a path of length 2 avoiding some set M of left vertices. Using previously
established properties of chains, we prove that the shells possess an expansion property and that
the union of the first few layers contains many right vertices which are not exceptional. These
results are used in Section [5] to show that with high probability, almost null vectors of the matrix
Ay, cannot be [cp,,t]-sparse.

Section [6] is devoted to proving that with high probability, almost null vectors cannot be
[cn/log(pyn)]-sparse. The strategy in this section is different and relies on nets instead of
graphs. Because of Section |5, we can assume at this point that at least [cp,'] coordinates
of a vector x € S" ! we consider are non-negligible. This means that for any row i € [n],
(rowi(ﬁmz),i?) is non-negligible with probability bounded away from zero. A standard ten-
sorization argument yields that the probability that || A,, .z|2 is small is at most exp(—cn). Yet,
as we do not have a good control of ||an,Z ||l2, we cannot combine this with a straightforward e-net
argument. Instead, we introduce a new method based on approximating the vector restricted
to the set of its small coordinates in the ¢,-norm and dealing with each product (row;(A, .), Z)
separately. At this step, we turn the sparsity of the matrix from a difficulty to an advantage
which allows us to disregard the large coordinates of x.
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Section |§| yields that to estimate smin(gn,z), it is enough to bound ||(Ay .)x||2 over the set of
spread vectors. Such bound is obtained in Section m using the random normal method of [27]
and the Lévy—Kolmogorov—Rogozin—Esseen inequality.

Now, we are passing to the estimates of the intermediate singular values. Compared to the
least one, the difficulty here is twofold. First, to derive uniform integrability of the logarithmic
potential, the bound has to be significantly more precise. Second, the probability estimate
has to be strong enough to allow taking the union bound. In Section |8, we relate the bound
on the (n — k + 1)-th singular value to the magnitude of projection of columns of our matrix
onto a subspace orthogonal to n — k other columns. To be able to derive a lower bound for
these magnitudes, we need to know that the projections have sufficiently many vectors in their
kernels. This should be done simultaneously for many submatrices since we cannot rely on the
union bound at this point. To this end, we introduce a special operation — a compression of the
matrix and its associated graph. These compressions are introduced in Subsection [.4] and used
in Subsection and Section [5| to derive the required property. After this is done, getting a
strong probability bound is based on randomized restricted invertibility. Restricted invertibility
is a well-studied topic going back to the classical theorem of Bourgain and Tzafriri [7]. It is
known that this theorem may not hold for a random submatrix with any significant probability.
However, in Section [8) we show that it holds with a non-negligible, albeit exponentially small
probability which turns out to be sufficient for our purposes. Restricted invertibility has been
used in random matrix context in [I1] and [23], but our approach is significantly different. The
combination of compressions and randomized restricted invertibility allows to obtain a good
lower bound for all intermediate singular values. This is done in Section [0

We derive the uniform integrability and complete the proof of the circular law in Section
To this end, we use the estimate of the least singular value obtained in Section [7] as well as that
of the intermediate singular values obtained in Section[9] However, it turns out that we can use

the estimate for s,,_x((1/\/pPnn)A, — 21d,,) only for k < m. For larger k, we need a tighter

bound. To this end, we use the idea of [12] based on the comparison of Stieltjes transforms of
our matrix and some reference random matrix having nice properties. This reference random
matrix is often chosen to be Gaussian. However, in our case, the comparison with the Gaussian
matrix does not seem to be feasible. Instead, we introduce a new random matrix obtained by
replacing relatively small values of (1//p,n)A, — 2Id, by i.i.d. N(0,1) variables. This requires
bounding the Stieltjes transform of Gaussian matrices with partially frozen entries. Such bound
is obtained in Subsection [10.1] The uniform integrability is established in Subsection [10.2
Finally, in Subsection we complete the proof of Theorem

3. PRELIMINARIES

Let us start with notation. The complex conjugate of a complex number z is denoted by Z.
Given a vector x = (x1,...,x,) in C" or R", denote by z* the non-increasing rearrangement of
the vector of absolute values (|x1],...,|z,|). Further, by supp(z) we denote the support of x.
For a real number a, by |a| we denote the largest integer not exceeding a, and by [a] — the
smallest integer greater or equal to a. Given a finite set I, let |I| denote its cardinality.

The standard inner product in C™ and R™ is denoted by (-, -), and the standard unit vectors
— by eq,e2,...,e,. For a k x m matrix B, let col;(B), j < m and row;(B), i < k, be its
columns and rows, respectively. By ||B| gs we denote the Hilbert-Schmidt norm of B = (b;5),

Le. [Bllus = /22 |bi*.
For a random variable £ (real or complex), define its Lévy anti-concentration function by

L& t) :=supP{|¢ — 7] <t}, t>0.
T7€C
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Let k,m be any positive integers. We introduce a collection Gy, ,,, of directed bipartite graphs
having k left and m right vertices, and with the property that ¢ <— j only if i — j (for any
i€ K], j € [m]).

For a subset I of the right vertices of G € Gy, define in-neighbors of I — 0;,(I) — as the
set of all left vertices of ¢ of G such that there is an edge emanating from ¢ and landing in 1.
Similarly, the set of out-neighbors 0,,+(I) is the collection of left vertices ¢ such that i <— j for
some j € I. For a one-element set {j}, we will write 05,(j), Oout(j) instead of 0in({5}), Oout ({7})-

Sets of in- and out-neighbors for collections of left vertices of G are defined along the same
lines. In situations where confusion may arise, we specify explicitly if the vertices are left or
right, by adding corresponding superscript: j% stands for the left vertex j of G, and j — the
right vertex. We use the same convention for sets of vertices.

3.1. Assumptions on distributions and parameters. As the crucial step in the proof of
the main result, we will derive estimates on the smallest and “smallish” singular values of shifted

random matrices A — z Id, assuming that conditions (A1))-(A2)—(A3)) stated below are satisfied.
First, we fix a global parameter o« > 1 and let the dimension n and sparsity parameter p satisfy

(A1) Can™ <p<n77/8,
where C,, > 0 depends only on « and is assumed to be sufficiently large (the value of C\, could be

computed explicitly but we prefer to reduce the amount of technical details). We will consider
random square matrices A satisfying

Ais n x n, with ii.d. entries a;; = d;; &, where d;; is a Bernoulli random
(A2) variable with P{d;; = 1} = p; &;; is nowhere zero complex variable with zero
mean and unit variance independent from d;; such that £(&;;,1/a) <1—1/a.
The complex shift z € C will be chosen so that
(A3) |z| <pn and |a;; — 2| > 1/a almost surely.

The assumption that ;;’s are nowhere zero does not affect our estimates on the singular
values and can be discarded with help of a standard approximation argument.

As was already mentioned in the introduction, a considerable part of the paper is devoted to
the study of the random bipartite graph associated with our random matrix. Let us recall the
definition.

Let (0;5) and (pi;) be two collections of jointly independent Bernoulli random
variables where P{d;; = 1} = p and P{u;; = 1} > 1/, where p satisfies (AT]).
Then the directed bipartite graph G with the vertex set [n] U [n] is defined by
i— g iff (6;; =1ori=j)and i< jiff (0;;1;; =1 or i = j).

(B1)

3.2. Classical inequalities. Let us recall the classical Bernstein inequality for sums of Bernoulli
variables:

Lemma 3.1 (Bernstein’s inequality). Let m be any positive integer, and let ny, ...,y be i.i.d.
Bernoulli (0/1) random variables with P{n; = 1} = p for some p € [0,1]. Then for any t > 0
we have

]P’{Zm me—i-t} <exp (—qzzt®/(pm + 1))
i=1

for a universal constant qz3 > 0.

The next lemma (with certain variations) is due to Lévy, Kolmogorov, Rogozin, Esseen:
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Lemma 3.2 (Lévy—Kolmogorov—Rogozin—Esseen, [18, 25, [14]). Let m € N and let &1,&a,...,&m
be independent complex random variables. Then for any t > 0 we have

- Oz
[’ §Z7t S P
<Z ) (Xm, (1= L&, 1))

where gz > 0 is a universal constant.

3.3. Basic concentration and expansion properties of A and G. In the following ele-
mentary statements we summarize some typical properties of the matrix A and the graph G,
specifically, expansion (Proposition, statistics of in- and out-degrees of vertices in G (Propo-
sition and Lemma , magnitude of ¢;—norms of rows and columns of A (Proposition .
All statements and their proofs are elementary; the proofs are provided for Reader’s convenience.
We refer to [19, [10] for some related results in the setting of random directed d-regular graphs,
and to [10, Section 2.1] for the directed Erdés—Renyi setting.

Proposition 3.3 (Expansion in G). For any ¢ € (0, 1] there are Ce,c. > 0 depending only on &
with the following property. Let p,n,G be as in (B1|), and, additionally, assume pn > C.. Then
for each k in the interval 2 < k < ce/p, with probability at least 1 — (%)™ we have

|0 (I)| > Z |0in(i)| —epn |I|  for any set of right vertices I with |I| = k.
il
In particular, the event

&za(e) = {‘&n(lﬂ > Z |0in(i)| — epn |I| for every set of right vertices I,2 < |I| < %}
iel

has probability at least 1 — 1/n.

Proof. Fix any € > 0, p,n and a subset I of [n] with 2 < |I| < e"?/¢/p. Consider random
variables

n:=max(|{j e I: il —= %} -1,0), i<n
Informally, n} counts non-unique occurences of the left vertex ¢ among in-neighbors of right

vertices from I. Observe that
n

|0in(D)] = |0in()] = > ).
il i=1
On the other hand, taking into account non-random “horizontal” edges of G, if we define 7; :=
max(|{j € I : 6;; = 1}| — 1,0) then every 7, can be estimated as n} < n; + 1 for i € I and
n. =n; for ¢ ¢ I. We will use the standard Laplace transform method to estimate probabilities

of deviations for n;’s. Clearly, P{n; = (} < ()frll)p”l, ¢ € N. Thus, for any number A > 0 such
that e p|I| < 1, we have

o0
E(M) <143 () p I (e + 1)) <1+l
=1

and hence
n 1 —|—p|]\)
]p{ > t} < | . t>0
;m — )7 exp(M)
In particular, taking ¢ := Spn|I| and A := log ﬁ, we get

IF’{ > omi> %pn\f\} < exp (pn|I] — eApn|I]/2) < exp (—epn|I]/4).
=1
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Taking the union bound over all subsets of cardinality k (for some 2 < k < e~/ /p), we get
P{‘@in(l)‘ < Z ‘&n(z)’ — epnk for some set of right vertices I, |I| = k‘}
el
< { Z |8m —k— fpnk: for some I, |I| = k:}

el

n n
:P{an > k+%pnk‘ for some I, |I| :k} §]P’{Z77¢ > %pnk for some I, |I| :k‘}
i=1

i=1
. i —%epnk en k< n —k
~ \pk k — \k ’

provided that $epn > Clog(pn) > C? for a large enough C = C(e). O

Proposition 3.4 (Statistics of in- and out-neighbors). Let n € N, p € (0,1] and G satisfy (B1)).
Denote

&= {[{i <n+ 10uai®)] = 20 + u}| < exp(—qzz(pn + u))n and
{j<n: 10 (51)| > 2pn + u}| < exp(—qzglpn +u))n Vu=0,1,... }
Then P(§g7) > 1 — e” BF", where qzz > 0 is a universal constant.

Proof. Applying Bernstein’s inequality (Lemma , together with the definition of G, we get
for any i < n:

P{\aout )| > 2pn + t} < exp(—c(pn +1t)), t>0,
for a universal constant ¢ > 0. Hence, by Markov’s inequality,
P{|{i <n: [Oout(i")| > 2pn +t}| > exp(—c (pn +t)/2)n} < exp(—c(pn +1)/2).

Similar argument is carried out for 0;,(5%), 7 < n. It remains to take the union of respective
events over all t =0,1,2,.... O

Lemma 3.5. Let n,p,G and event §zz be as in Proposition and fix any subset M of [n].
Then, conditioned on &gz, we have

|80ut(ML Z ‘607“5 < qm<pn+log |M|> |M|, and

ieML
0 (M) < 3 |0m) <C{I5|<pn+log‘M|) M,
jEMR

where Gz > 0 is a universal constant.
Proof. Set
)
w = max o —pn| ).
@a M|
It is not difficult to see from the definition of §g7 that
{i < n |Oou(i%)] 2 2pn + w}| < [M],

and that
Z |Oout (i) < C(2pn + w)e —@a(pntw)y,
i<n: |Bout (1F)| > 2pn+w
Similar estimates hold for M. The result follows. O
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Proposition 3.6. Let n,p, A satisfy assumptions f. Define
q38:= {Hz <n: |row;(A)|1 > rpn}‘ < n/ro‘9 for all r > pn, and
{i<n: |lcoli(A)]1 > ran <n/r% for all r > pn}.
Then P(&§zg) > 1 — (pn) "4, for a universal constant > 0.

Proof. By the assumption on the distribution of the matrix entries, we have E|row;(A4)|1
E|lcol;(A)||1 < pn, so it remains to apply Markov’s inequality.

o

4. COMBINATORIAL STRUCTURE OF THE ASSOCIATED RANDOM GRAPH G

4.1. Vertex types: definition and basic properties. Let k, m be large integers, and fix any
parameter K > 0. Let G be a graph in Gy, ,,. We will inductively introduce a classification of
the right vertices of G as follows. For an index j < m, we will say that the vertex j is of type
(K, 1) if |0put(j)| < K. Denote by Tk 1(G) C [m] the subset of vertices of type (K, 1). Further,
assume that £ > 2 and that types (K, 1), (K,2),..., (K, —1) have been identified. Take j < m
which is not any of the types (K, 1), (K,2),...,(K,¢ —1). Then we say that the j is of type
(K,0) if
’aout \0m(TK1(G)U"'UTK,Z—I(G))| <K.

The set of all vertices of type (K, ¢) is denoted by Tk ¢(G). A vertex j is of type (K,00) (of
infinite type) if it is not of any types (K, ¢), £ € N.

A key point of our argument consists in establishing a correspondence between vertex types
of a graph in Gy, and its subgraphs. Given a graph G € Gy, and a subset I C [m], denote
by G! the subgraph of G obtained by removing the right vertices in I. It will be convenient
for us to assume that the right vertex set of G! is indexed over [m]\ I (so that we get a direct
correspondence with vertices of G).

Lemma 4.1. Let G € Gy, let I C [m] be a subset, and let GT be defined as before. Then for
any K >0 and £ > 1 we have
Tro(G') € | Tkn(G
h<t

Proof. We will prove the statement by induction. The case £ = 1 is obvious; in fact Tk 1(G!) =
Tr1(G) \ I. Now, assume that £ > 2 and that the statement has been verified for £ — 1. Take
any j € Tk ¢(GT). By definition, we have
|00ut () \ Oin (T, 1 (GT) U+ - U Tk o1 (G1))| < K,
and therefore
1Oout () \ Oin (T 1 (G) U -+ U Tk -1 (G))| < K.
This last assertion immediately implies that j € (J;,<, Tr n(G). O

Note that the last lemma implies T oo (GT) D Tk oo(G) \ I. The opposite inclusion does not
hold in general even in “approximate” sense. For example, it is not difficult to construct a graph
G € Gy, and a subset I C [m] of cardinality, say, m/2, such that Tk oo(GT) = [m] \ I while
Tk 0o(G)\ I = 0. Nevertheless, it turns out that under some assumptions (which hold with high
probability in our random setting), a kind of reverse inclusion can be observed.

Lemma 4.2. Let G € Gy, and let I C [m] be a set. Assume that for some K > 0 we have
|8out N azn( )‘ S K/2

for all j € [m]\ I. Then
Tk 00(G') C Tt /2,00(G).
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Proof. Note that it is sufficient to show that for any ¢ > 1 we have

Try20(G) \ I C U T n(GY).
h<t

We will verify the statement by induction. The case £ = 1 is obvious. Now, fix £ > 2 and assume
the assertion is true for 1,2,...,¢ — 1. Pick any j € Tx/9¢(G) \ I. Then, by the definition,

out \am< U TK/Qh >’§K/2-

h<l—1

By the assumptions of the lemma, we have
‘aout ﬂ 8171( )’ SK/Q,

and so

Dout (J ( U Tkpen(@ >’ K.
h<t—1

By the induction hypothesis, we have

Oin( U Trepn@\I) com( U Tial@h).

h<t—1 h<t—1
That, together with the above relation, implies
j S 8m< U TKJL(GI)).
h<t
The result follows. O

4.2. Cardinality of the infinite type in random setting. The random graphs we consider
in this section will be subgraphs of G introduced at the beginning. Fix a positive integer m,
a positive real p, and let 6;;, pi; ((i,7) € [m] x [m]) be jointly independent Bernoulli variables
with P{d;; = 1} = p and P{u;; = 1} > 1/a. Consider a random directed bipartite graph G’ with
the vertex set [m] U [m], such that

° ’L—)jlﬂj(SZ]:lOI“Z:j,

° i<—jiff(5ij,u,~j:10ri:j.

Additionally, let Ky be a parameter such that

The purpose of this subsection is to prove that typically the cardinality of Tr,o(G') is very
large — almost m.

It will be convenient for us to define a filtration of sigma-algebras Fi, k € N, where for each
natural k, Fj, is generated by (random) sets Tx, ¢(G’), £ < k and by sets of in-neighbors 9;,,(j),
jE TKO,I(G/) Uy---u TKO,k(G/)~

Everywhere in this subsection, by 0, (-), out(-) we understand corresponding sets of in- and
out-neighbors for the graph G’. Also, we use shorter notation Tk, 4 for types of vertices Tk, 4(G').

Lemma 4.3. Let G, Ky, and filtration Fi, k € N be as above. Then for any d > 2 we have
]E< Txy.4| 1a
|8in(TK0,d—1) \ Oin ( Uggd—Q TKo,g) ‘

where 14 is the indicator of the event {‘ain(Uegd—l TKO,E)’ < m/4}, and qz3 > 0 depends only
on a.

’ ]:d—l) < e—@pm’
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Let j be a vertex of G’ in the complement of | J,;_; Tk,¢. Assume for a moment that the set
of in- and -out neighbors of j were independent of the set UES d—1 Tko,e and their in-neighbors.
Using the assumption that ’&n(UK a1 T KO’Z)l < m/4 (which defines the indicator 1; above),

it would be easy to obtain a bound for the probability ]P{ jeT Ko,d} for each fixed j, and then
sum up to bound the expectation of |T, 4. In reality, the set of neighbors of j depends on
types T, ¢, ¢ < d— 1. However, this dependence is almost negligible, and using a conditioning
argument, we will be able to show that a similar estimate for [Tk, 4| still holds.

Proof of Lemmal[{.3 Fix a partition L = (Lj)?:1 of [m] and a collection of subsets M;,(h),
Mout(h) C [m], h € L1 U---U Lg_1, such that

o My (h) C My (h) for all h;
o |Myyu(h)| < Ko whenever h € Ly;
o forany 2 </ <d-—1andh € Ly, we have

Mo\ Manlr)| > Ko
r€Lg, g<f—2

and
reLg,g<{—1
¢ | UTGLg,ng—l Mln(r)} < m/4

The conditions on the sets My, (h), Moy (h) are designed so that the sets Ly, g < d — 1, would
play the role of types Tk, 4 in our random graph. Further, for any v € Ly define event

& = {ai (h) = My (h) and Ao (h) = Mow(h) for all h € Ly U--- U Ly_1, and

Oot()\ U Minlr)| > Ko for all j € Ly \ {u} },
r€lg, g<d—2

and take

E = {@' (h) = Mip(h) and Oput(h) = Moyt(h) for all h € Ly U--- U Lg—1,and

8out(j) \ U Min(r)

r€Lg,g<d—2

> Ko for all j € Ld},

Note that if the event & occurs then T, Ko,g = Lg, g < d—1. We are interested in bounding
the probability that w is of type (Ko, d) on the Fy_j—measurable event E. However, a direct
computation is difficult due to dependencies, and for that reason we have introduced the auxiliary
event &/, on which the sets of in- and out-neighbors of u are defined by independent Bernoulli
selectors. We will bound the probability that u is of type (Ko, d) on the event &, and then
compare the event & with &.

It is easy to see that & C & for all u € Ly. Observe that, conditioned on &, the event
{u is of type (Ky,d)} implies that
(a) the set Jout(u) has a non-empty intersection with Min(h) \U,cr,, g<a—2 Min(r) for some
h € Ly_1, and
(b) the intersection of Joyt(u) with the set [m]\ U, ep, g<4—1 Min(r) has cardinality at most
Ko.
In the case u € U, ¢, , Min(r)\Uner,, g<a—2 Min(h) the condition (a) is satisfied automatically
since u < wu is in the edge set of the graph. In this case, we simply estimate the probability
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P{u is of type (Ko, d) | £, }, using condition (b), by the probability

P{loe\ U Manln)] < Ko},

r€lg,g<d—1
which in turn can be estimated by exp(—cpm), for some ¢ = ¢(a) > 0, using our assumption on
the cardinality of ¢y, g<q—1 Min(r). In the case

ug |J Ma)\ U M)

relg_1 h€Lgy,g<d—2

we use both (a) and (b) to get an upper bound
P{u is of type (Ko,d) | £,} <P{(a) holds | £,} - P{(b) holds | £}
< p’ U Min(r) \ U Mm(h)’ - exp(—cpm).
reLlg_1 h€Lgy,g<d—2

Next, again by the assumption on the cardinality of the union of M;,(r) (withr€ L U---U
Lg_2), we have

PE|E) = IP{ for all w€ Lg.

1
2

o)\ Min(r)| > Ko |} >

r€Lg,g<d—2
This, together with the above, gives for every u € Ly:
o P{u is of type (Ko,d) | €} < exp(—cdpm), if u belongs to the set Urer,_, Min(r) \
UheLg,ggd—z Min (h);
o P{u is of type (Ko, d) | £} < p‘ Urer, , Min(r) \ UheLg,ggd—Q Mm(h)’ exp(—c'pm), if
u ¢ UreLd_l Min(r) \ UheLg,ggd—Q Min(h).
Summing up over all u € Ly, we get
E(}{u € Ly : uis of type (Ko,d)}‘ | g)
< ed'Pm ‘ U Ma)\ U Mm(h)‘
relg 4 heLg, g<d—2

for some ¢ > 0 depending only on «. Thus,

\TK d| ~> o
E o E) <.
<|3m(TK0,d—1) \ Oin(Uy<a—2 Tko,g)| ‘

Moreover, the event £ is an atom of the sigma-algebra F4_1. The only restriction on the sets
Ty, that we employ is that

On( U Tioe )| < m/
N £<d—1

(conditioned on £). Hence, we get from the above

E( Tko,a| La
lam(TKO,d—l) \ am(Uégd—Q Tro
with 1, defined earlier. O

The next proposition asserts that the expected cardinality of the set of in-neighbors of the
right vertices of G’ of finite types is much smaller than m. Thus, with large probability the
majority of left vertices are connected only to right vertices of the infinite type. When recast in
terms of the random matrix A — z1d (see Subsection , the result says that with probability
close to one most of the rows of A — zId are supported on the infinite column type.
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Proposition 4.4. Let m,p and G’ be as above. Then

a(Jn( U i) <

g1
Jor qzz> 0 depending only on «.

Proof. Let 1; be as in Lemma and for each ¢ € N define 1, to be the indicator of the event

sim o U i) < 2029}

h<t—1
Observe that 1, < 1, for all £ > 2; we will postulate that 1; = 1 everywhere. Importantly, 1, is
measurable with respect to the sigma-algebra F,_1 (¢ > 1).
We will prove the statement in two steps. First, we show that, conditioned on the intersection

() &;, the cardinality of the set Oy, (T Ko,g) \Om(U g<i—1 TKO,Q) is small on average. Then, we
=1 =
l
show that the event (7] &; holds with probability close to one.
j=1
For any ¢ > 2, we have

E(|TK07gﬁl .. Ig)

| Tico el - 1 > ~ = >
=E(E ’ Fo_1 | - |0in(T b Oin T, eI S v
( <‘8in(TKo,€1)\ain(Ug<52TK0,g)‘ ‘ -1 (Trg0-1) \ (ggLeJ—2 Ko g)’ 1 -1

Oin(Troe—1) \ 8m( U TKO,g> ‘11 . -15—1)

g<£—2

S e_cupm E(

for some ¢”” > 0 depending on «a, where at the last step we used Lemma

Let WO be any realization of the matrix W := (u;;), A € Fy—1 be any atom of the sigma-
algebra F;_; (i.e. some realization of sets Tk, 1, ..., Tk, 1 and respective collections of in- and
out-neighbors), and set £ := AN{W = W’} assuming that the event has a non-zero probability.
Observe that, conditioned on &', the variables d;; for j ¢ Tr,1,...,Tky—1 and WZ% = 0, are
mutually independent, and, moreover, the set T, ¢ is completely determined by the values of
d;5 for (i,7) with VVZ[; = 1. Hence,

E(|{(i,7) € [m] x [m] : j € Tkoe, Wiy =0, 855 =1,i #j}| | )
(4.1) < pmE(|Tky | | £').

At the same time, by the definition of Tk, ¢, we have (deterministically)

(4.2)

aout(TKo, \am< U TKO )‘§K0|TKU,E‘~
h</—1

Note that the set 0;, (T, ¢) can be viewed as consisting of three parts: the left vertices ¢ such
that ¢« — j and ¢ ¢ j for some j € Tk, \ {i}; left vertices ¢ such that ¢ — j and i < j for
some j € Tg, ¢\ {i}; and the vertices ¢ with ¢ € Tk, ,. For the first category, we will apply
formula ; for the second — formula , and for the third — the trivial upper bound.
Thus, removing conditioning with respect to {W = W0}, we obtain

B

Oin(Tky,0) \3m< U TKO,h)‘ !H-l) < 3pmE(|Try | | Fo-1)-
h<f—1
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Together with above estimate of E(|TK074|11 .. .ig) and the measurability of 11, ..., 1, with
respect to Fy_1, this yields

E(

Oin(Tito. )\ Oin (| Tico) \L )

h<t—1

Oin(Try0—1) \ 3m( U TKo,g) ’il . -iz—1)

g<£—2

< e—Epm E (

for all £ > 2, where ¢ may only depend on «. It is an easy consequence of Bernstein—type
inequalities that

E(}am(TKO’l)D < e Pm

for a universal constant ¢ > 0. Then, applying the previous relation iteratively, we obtain for
all £>1 and ¢ = (a) > 0:

(4.3) E(

Oin(Tico. )\ Oin (| TKO,h))L...Ie) < edrmlp,
h<(—-1

This completes the first part of the proof. It remains to show that 1;...1,1is equal to one with
high probability. Conditioned on the event {1;...1y,_1 = 1}, we have

@'n( U TKo,h>’ < |0in(Tky0-1) \am( U TKo,h>) + %(1 — o7y,
h<t—1 h<t—2

Hence, for any ¢ > 2:

P{1;...1p-1 - (1—1,) =1}
=P{1,=0]1;...1,1 =1} P{1;...1,, =1}
<p{ am<TKO,4_1>\am( U TKM))>%z—f\L...L_l:1}.1@{11...14_1:1}.

g<£—2
Using (4.3) and applying Markov’s inequality, we obtain

il

8m(TKO7g,1) \am( U TKO79>’ > %Q_E | Il .. .Ig,l = 1} < e—c’pm(£—1)2£+2.
g<£—2

Thus,

P{ly... 101 -(1 -1 =1} <e @PmEDo2ply, 1, =1}, ¢>2
Rearranging, we get

P{1;... 141, =1} > (1 —e P EDHDPIT, 1, =1}, £>2

and hence

o
IP’{ [1% = 1} >1— e apm,
=1
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It remains to apply the last relation to (4.3): we have

g>1
<E( am(UTKOg)]ﬁIE_ 1) +me{ [[1,=0}
g1 (=1 =1
< iE( Oin(Tro.0) \am( U TKo,h) ’11 N _L) Leerm gy,
=1 h<f—1
<e P
for ¢ = ¢(a) > 0. -

4.3. Chains. Define a subfamily Gy, ,, C Gy, , as the collection of graphs having all “horizontal”
edges, namely, for any G € Gy, and any i € [n] we have & — i® and il + i®. Note that
the random graph G defined by , belongs to G, with probability one. Such graphs are
important for us since they correspond to matrices with a non-zero diagonal.

Let G € Gy, and k > 1. The left and right vertices of G are indexed by the same set [n].
For this moment, it will be convenient to write j© for the left and j% for the right vertices. We
will say that a sequence (jf)if:l of right vertices of G is a chain of length k for G if it lies on
the path jf* — jF — & - L — ... = j,f_l — j,f, with jf #* jﬁl for £ < k. In other words,
all edges leading to the left vertices are “horizontal”. If all jf’s (1 < ¢ < k) are distinct, we will
call such a chain cycle-free. Further, if jf’s for 1 < /¢ < k —1 are all distinct but jE = jl for
some u < k — 1, the chain will be called cyclic.

To verify that the square matrix A — zId is non-singular with high probability, the above
setting is all that is needed. However, in the treatment of intermediate singular values we will
need a more general definition of chains for bipartite graphs with different sets of left and right
vertices. We will extend the definition in the last part of the section.

The following is an elementary observation:

Lemma 4.5. Let J = (jg)]gzl be a chain for a graph G € Gy, . Then one of the following two

assertions is true: either J is cycle-free or there is a number 1 < k1 < k such that (jg)llfll i
cyclic.

In what follows, it will be sometimes convenient for us to view a chain J as a set rather than
a sequence. In particular, for any subset of integers S, notation J \ S should be understood
as a set consisting of those elements of J which are not included in S. Further, given a chain
J = (jg)]gzl for G, let G be the subgraph of G formed by removing right vertices j,, £ < k (note
that this notation for subgraphs is consistent with the one given in Subsection {4.1)). It will be
convenient for us to assume that the right vertices of G are indexed by [n] \ {je}7_;-

Given K > 0, we will say that the chain J for a graph G € G, is K -self-balancing if
Jt ¢ Tk oo(G) for all £ < k and, moreover, for any ¢ < k we have

aout(jl) - 8@n( U TK,g(G) \ {]Z})

g>1

Note that in the above definition jéL € Oout( jf) since the graph G € G, , is required to contain
“horizontal” edges; and it is possible that Opy:( jf) consists of a single element jé:.

By negation, a chain J = (j,)¥_, for G is not K-self-balancing if and only if either (a)
Ji € Tk oo(G) for some £ < k or (b) ji1,72,...,Jkx € [n] \ Tkoo(G) and there is j, and a left
vertex i € Opyt(jo) such that Opue (i) \ {jie} C Tk 0o(G). We also observe that if a chain (ji)§_, is
K—self-balancing then ( jg)?zl is K-self-balancing for any h < /.
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The notion of chains plays the central role in our argument. A connection with the matrix
invertibility can be illustrated as follows: assume that x is a non-zero null vector of A—zId (where
we assume that the matrix diagonal elements are non-zero), and let G be the corresponding
bipartite graph. Let i < n be such that x; # 0. Looking at row;(A — zId) and noticing that
ai; —z # 0, we find j # ¢ such that a;jz; # 0. This means that i € 0;,(j). Next, looking
at the j-th row, by the same reason, we find k # j such that aj,x, # 0, continuing with the
construction of the chain. In fact, for any k > 1 there exists a chain J for G of length k, with all
elements in the support of . A more detailed analysis shows that, conditioned on an event of
probability close to one, all such chains must be self-balancing. At the same time, as we show
in Subsection [4.3.1], with high probability there are no self-balancing cyclic or cycle-free chains
of logarithmic length. This (combined with some additional observations) implies that A — z Id
does not have very sparse null vectors with high probability. As we are interested in quantitative
bounds on the smallest singular value, this argument needs to be augmented: we have to take
into account the magnitudes of the coordinates of x, the distribution of cardinalities of supports
of rows of A — z1d, statistics of chains (i.e. number of self-balancing/non-self-balancing cyclic
and cycle-free chains of a given length). The lastly mentioned characteristic of the matrix is
studied in this section.

Define
_pn
20
The next lemma can be viewed as a decoupling procedure for the vertex chains. Specifically, it
will be used to replace vertex types of the graph G in the definition of a self-balancing chain
J with vertex types of the subgraph G7, taking advantage of independence of these types from
edges incident to J.

KQZ

Lemma 4.6. Let n, p, G be as in (B1)). Define
&rg:= {for every cycle-free/cyclic chain J of length k < log,, n
Jor G we have Txy 00(G7) C Ty /2.00(9) }-

Then P(§7g) > 1 — n~10. In fact, “~10” can be replaced with any negative constant.

Proof. 1t is not difficult to see that it is sufficient to prove the statement for cycle-free chains;
corresponding bound for cyclic chains will follow just by throwing away the last element of the
chains. Fix k <log,,, n and denote

& :=1{(1,2,...,k) is a chain for G such that Tk, (G”7) ¢ Ty 2,00(G) }-

We will compute the probability P(£). By Lemma &’ does not occur, whenever for any
j € [n] \ [k] we have |9put(j) N Oin([k])| < Ko/2. Thus,

P(£') < IP’{E 0+ 1forall £ <k—1 and thereis j € [n] \ [k]
with [Gout () 0 i ([K])] > Ko/2}
gP{K%EnLlforallfgk:fl and there is j € [n] \ [£]
with |95, (j) N [K]] > K0/4}
+P{£—>€+1 for all ¢ < k — 1 and there is j € [n] \ [K]

with [9in(j) N Din (k%) \ (K] > Ko/4},
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where in the last inequality, we used that Jyy:(7) C 05 (j) for a right vertex j. Hence, we get

]P)(gl) < pk—l X n.pro/ﬂ ( > _|_pk:—1 n- [[D{|am(]) N am([k]R> \ [k]L‘ > KO/4}

[Ko/4]

_ _ _ n
< pF (24 /n) SO 4 pF T (p2) [H0/ 11<(Ko/4—1]>'

Bounding the first term is straightforward. To bound the second term, we use the assumptions
on p and k, which imply that p?kn < n~'/4. This yields P(£’) < p¥n =19, It remains to observe
that

P{there is a cycle-free chain J of length k
for G with Thky,00(G7) Z Try/2.00(G)} < nFP(E),
and apply the union bound over all & < log,, n. O

4.3.1. Self-balancing chains. In this subsection, we study statistics of self-balancing chains. Fur-
ther, in subsection (4.4 we will transfer the results to a generalized setting of ¢—chains.

Lemma 4.7 (Number of self-balancing cycle-free chains). Let n,p,G be as in . Let 1 <
k <log,,n, and let Tj; be the set of all (Ko/2)-self-balancing cycle-free chains of length k for G.
Denote by & the event {|8m(Ug>1 Tkog(G))| < ne T2}, where a7 = q7(a) > 0 is taken
from Proposition[{.4). Then -

E(|Zx| | €0 N &g) < 8(pk)F 1 (k — 1) + ne T
for some qz7= q(a) > 0.
Proof. Let us estimate conditional probability of the event
&= {(1, 2,...,k) is a (Ko/2)-self-balancing chain for Q}

given & N&gg. Due to lack of independence, a direct estimate can be complicated. To overcome
this problem, we introduce auxiliary events £(Q). For any @ C [n] set

&@) = {|on( U TKO’g(gQ)N < ne~@mn/2],
g>1

Observe that, by Lemma we have & C £(Q) for every Q C [n].
We will bound P(€ | E([k]) N &gg) first. We have

P(E | (D) 1 Eim) = gz oy P(E N éam| £(0KD) < 2P(E 0 & | £(KD)

where we used a simple estimate P(E([k])N&zg) > 1/2, which follows from the inclusion EgN&Gag C
E([k]) N &g and the fact that both & and &gg have probabilities close to one (see Lemma

and Proposition .
By the definition of a self-balancing chain, on the event £ N &gg we have i € 0y, (([k] \ {5}) U

(U Tkyj2,4(9) \ [K])) for all pairs (i,5) € {k+1,...,n} x [k] with i < j. Moreover, on this
g>1

event we have |J Tk, 2,4(9) \ [k] C U Tk, .(G¥). Thus,
g1 921

P(€ M &g | £([K)) gP{i—>i+1f0ralli§k—1and
YV (i,7) € {k+1,...,n} x [k] such that i < j we have
i€ 0m({h <k, h#j}) U am( U TKO,g(gW)) | 5([k]>}-

g>1
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Therefore,
P(E|E(k)N&xm) <2P{i —i+1foralli<k—1]|&(k])}
]P’{V (1,7) e {k+1,...,n} x [k] such that i < j we have

i€ 0n({h <k h# 1) U 0m( U Trog (@) | (KD},

g>1

where we used conditional independence of {&;; : (i,7) € [k] x [k]} and {&;j,pij = (i,7) €
{k+1,...,n} x [k]} given event £([k]), as this event refers only to the subgraph G!*/. Obviously,

P{i—i+1foralli<k—1]|&([k])}<p"
To estimate probability of the second event in the last formula, observe that the condition
V (i,7) € {k+1,...,n} x [k] such that i + j we have
i € ({h <k, h#34}) U &-n( 9 TKO,g(gW))

g>1

means that for every left vertex i of G with ¢ ¢ W := [k] U 3in(Ug21 TK079(Q[]€])), either

(a) Oin(i) N[k] =0 or
(b) |Oout(2) N [K]| > 2 and |0 (7) N [k]| > 1, that is, ¢ has at least 2 out-neighbors one of
which is also its in-neighbor.

If there are ¢ pairs (i,7) € [n] \ W x [k] such that i — j and the left vertex i satisfies condition
(b) then necessarily

k
h=1
Otherwise, if there are less than ¢ such pairs then
{Gh) e\ W x [} i} <a
In view of the above, we can write
]P’{V (i,7) € {k+1,...,n} x [k] such that i + j we have

i€ 0n({h <k h#31) U 0 (U Tro(@)) | £(KD

g=>1

< B3 (00 ()] — 00 (K1) = Ko /8 | £(IK]) )

h=

—_

+IP’{H(i,j) e\ W x [k] : i<—jH < Kok/4 | 6([k])}.

For the first of the two probabilities, we can apply Proposition to get an upper estimate
(#)7F (for k = 1, the probability is clearly zero). The second term can be represented as

P{ Z Sijpiy < Kok/4 | 5([k])}-
(65)€lMN\W x[k]
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Here, 05, 1ij are given by (B1]) and are conditionally independent given £([k]). Further, the
cardinality of [n] \ W given £([k]) is at least n/2. Therefore,

P{|{(i.) € M\W x [k): i 5f| < Kok/4 | (k)
LKo k/4]

nk/2 _
< X (M) sy ppay
q=0 q
[ Ko k/4]
< 6—pnk/(4a) + Z (epnk/(aq))qe—pnk/MQ)
q=1
< e—c/pnk

for some ¢ = ¢/(a) > 0. Combining all the estimates, we obtain
g

P(E | E(k]) N &xm) < 207" (e + (n/k) F1psay).

Therefore
P(E(K]) N _ —con _
IP’(E | Eoﬁfm) < (P((é[’o]r)w g;?) - opk—1 (e pnk | (n/k) kl{k22})_
As we observed before, P(E) N &ggg) > 1/2 and hence PERDOEE) < o Thuys,

P(E0Nézg)
P(E | &N &xm) < 4" (7P + (n/k) F1gsg).
Finally, by the permutation invariance of our model, we get
E(|Zk] | £ N &m) < n*P(E | & N &xm) < 4(pn)*tne Pk 4 8(pk)F 1 (k — 1).
The result follows. 0

Lemma 4.8 (No self-balancing cyclic chains). Let n,p,G and event & be as in Lemma .
Then for any k <log,, n we have

IP’{Q contains a (Ko /2)-self-balancing cyclic chain of length k| E N é@}
< e TI 4 (pk:)k_l
for some qzg= qzrg(a) > 0.

Proof. Fix any k in {3,4,...,n} (cyclic chains have length at least 3). As in the proof of
Lemma denote by £(Q) (Q C [n]) the event {|8in(Ug21 Tkyg(G9))| < ne @2}, By a
similar argument, we get for every integer w < k — 2:

P{(1,2,....k — 1,w) is a (Ko/2)-self-balancing (cyclic) chain | £([k — 1]) N &zg}
<P{i—i+lforalli<k-2; k—1—w|E(k-1])}
]P’{V (1,7) € {k,...,n} x [k — 1] such that i + j we have

i€ On({h < k=10 £ 5}) U 0n( U Tiog (@) | (-1}

g=>1

The first probability is trivially at most p*~1, whereas for the second we apply the same argument
as in the proof of Lemma [£.7] to get an upper estimate

e—c’pn(k—l) + (n/(k N 1))—(k—1)
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for some ¢ = ¢/(a) > 0. Hence,
P{(1,2,...,k—1,w) is a (Ko/2)-self-balancing cyclic chain | & N &gzg}
<2P{(1,2,...,k—1,w) is a (Ko/2)-self-balancing cyclic chain | £([k — 1]) N &g}
< 4pk—1 (e—c'pn(k:—l) + (n/(k o 1))—(1::—1))’

where we reproduced arguments from the proof of Lemma [4.7
Notice that the number of “potential” cyclic chains of length k is less than k - n*~1. Hence,

P{G contains a (K(/2)-self-balancing cyclic chain of length & | & N &zg}
< 2k(pn)* (e P 4 (n/(k = 1)) *7Y)
<e Pk 4 (pk:) k_l,
where ¢’ > 0 may only depend on a. O
Let us summarize the last two lemmas.

Proposition 4.9 (Statistics of self-balancing chains). There is qzg > 0 depending only on a
with the following property. Let n,p,G satisfy (B1)). For each k < n, denote by Iy the set of all
(Ko/2)-self-balancing cycle-free chains of length k for G. Finally, set

&9 ::{ am( U TKO,g(g))‘ < ne_‘@p”} N
g=>1

{|Ik] <ne BEF forall 1<k< n}ﬁ

{g does not contain (Ko/2)-self-balancing cyclic chains}.

Then P(&7g) > 1 — exp(—qzgpn) — n~ T4

Proof. The first part of the intersection in the definition of &zg can be estimated using Proposi-
tion For the second part, if 1 < k < log,,, n is such that 8(pk)*~1(k — 1) < ne ®IP" then,
combining Lemma [1.7] with Markov’s inequality, we get

P{|Zi| > [ne BB*/2] | &N Gag} < 2 BTR/2,
On the other hand, if 8(pk)*~1(k — 1) > ne @7k then, by Lemma
E(|Z| | & N &xm) < 16(pk)* ' (k —1) <n”°
for a constant ¢ > 0, where we have used that p satisfies . Hence, applying Markov’s
inequality, we get
P{|Zy| > [ne BP"*/2] | & N &g} < P{|Tk| > 1| & N &gt <nC

This together with the union bound over all 1 < k <log,,, n and P(£o Né&zm) > 1— e=c'Pr =10,

gives
/! /!

P{|Z| < ne ®P"/2 forall 1 <k<log,,n}>1—e P —n"".

It remains to note that, as any (Ko/2)-self-balancing chain of length k > log,, n contains
(Ko/2)-self-balancing subchains of length [log,, n|, we get from the above

P{|Ze| <ne ™™ forall log,,n<k<n}>P{T, o =0}>1—e " —n,

where we have used that n e @P" 108 n)/2 1
For the third part, by removing conditioning in Lemma 4.8 we get

P{G contains a (K(/2)-self-balancing cyclic chain of length k < log,, n} < e~ P 4 pnC
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for some constant ¢ > 0. At the same time, applying the above estimate for cycle-free chains,
we obtain

P{G contains a (Ko/2)-self-balancing cyclic chain of length k > log,,,, n}

< P{Iﬂogpn n-1 70} < e~ 4
The result follows. O

4.4. Graph compression. The notion of chains, the way it is considered in the previous sub-
section, would be sufficient if our only goal was to bound the smallest singular value of the
shifted matrix A — zId. However, bounding intermediate singular values requires more elabo-
rate arguments. In particular, our notion of chains should be extended to cover what can be
called “graph compression”.

A compression of a graph G € Gy, is glueing together some pairs of left vertices of G
satisfying certain additional assumptions. Namely, left vertices i1, 49 can be glued together only
if their sets of out-neighbors are disjoint and all out-neighbors of {i1,i2} belong to the infinite
type Tk oo (G).

Formally, let G € Gy, let K > 1 be a parameter, and let ¢ : [n] — [m] be a surjective
mapping. Let us assume that the mapping ¢ satisfies the following assumptions:

e For any i € [m], the preimage ¢1(i) consists of either one or two elements;
e For any i1 # i2 € [m] such that ¢(i1) = ¢(i2), we have Jpui(i1) N Opur(i2) = 0, and,
moreover, Doyt (1) U Oput(i2) C Tk 0o (G).
We will call such a mapping ¢ (G, K)—-admissible. The crucial observation, which will be made
rigorous further in the paper, is that a “compression” of the matrix A — zId (which is defined
as a matrix equivalent of the compression for G) typically contains only well-spread vectors in
its kernel.
We say that a (G, K)—admissible mapping is u—light for some u > 0 if the set of in-neighbors

of any right vertex contains not more than u left vertices glued by ¢; formally,

[{i <n |6 He(0)] =2} N9 (G)| <u for all j < n.

The notion of u—light mappings allows us to identify those compressions which preserve expan-
sion properties of the graph (see Lemma below).

Denote by ¢(G) the directed bipartite graph in Gy, , obtained from G by glueing together
left vertices by ¢. That is, if ¢(i1) = ¢(i2) then

ag)ut(¢(ll)) = aout(il) U aout(iZ)
and
0%, (¢(i1)) = Opn(i1) U Bin (i2).
Here and further, 0;,(-) and Oy (-) mean the sets of in- and out-neighbors in the graph G as

before, and 6{’;() and 8fut
P(G).

Lemma 4.10. Let K,u > 0, let G € Gy, m < n, and let ¢ : [n] — [m] be a u-light (G, K)-
admissible mapping. Further, assume that for some § > 0 and € > 0 we have

|0 (I)| > Z |0 (i)| — eK|I| for any subset I of right vertices with |I| < on.
el

() stand for the sets of in- and out-neighbors in the compressed graph

Then

‘85;([)‘ > Z ‘8&(@){ — (eK 4+ u)|I] for any subset of right vertices I with |I| < dn.
icl
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Proof. Fix any subset I C [n] of right vertices with |[I| < dn. By the definition of a (G, K)—
admissible mapping, the number of in-neighbors of any right vertex does not change under

compression, and hence

D 1om(@)] =05,

icl el
On the other hand, the assumption that ¢ is light implies that

05,(D] = (D) = Y- G <m: |67 ()] =2, 671(5) N 9in(d) # 0]
el
> ‘8171([)‘ - Um

The result follows. 0

Lemma 4.11. Let K > 0, let G € Gy, m < n, and let ¢ : [n] — [m] be a (G, K)—admissible

mapping. Then for any g > 1 we have Tk 4(G) = Tk 4(6(G)); as a consequence, Tk o(G) =

Proof. The left vertices which are glued together by ¢, do not have out-neighbors in |J Tk 4(G).
g=>1

As we will show, this implies that each T 4 is preserved under compression.

First, since |8j;(j)| = |0in(j)| for all right vertices j, we have that Tk 1(G) = Tk,1(4(G)).

Now, fix ¢ > 1 and assume that all vertex types (K, 1), (K,2), ..., (K,g — 1) coincide for G
and ¢(G).
Take any j € Tk 4(G), and observe that Oout(j) and 0 ( U Tk ,n(G)) are not affected by the
h<g

mapping ¢. This, together with the definition of the type (K, g), implies that j € Tk 4(¢(G)).
On the other hand, if j ¢ Tk 4(G) then ‘(%ut(j) \ 8m( U TKyh(G))| > K, and hence by the
h<g

induction hypothesis |9%,,(5) \ 95 ( U Tin(6(G)))| > K. Thus, j ¢ Ti 4(6(G)). 0
h<g

In the next lemma we show that, conditioned on certain realization of our graph G, given a
uniform random f—element subset J of the left vertices of G, with high probability (with respect
to J) we can find a light (G, K')—admissible mapping ¢ which glues together only some vertices
in J. The lemma will be applied to estimate the intermediate singular values of the random
matrix A — zId (see remark before Proposition .

Lemma 4.12. Fiz K > 0, 7 > 0 and a realization of G from event &gz such that
8m( U TK,g) ) < e "Ptp,
g>1

Let £ > n'/? be a natural number, and let € € (0,1/32). Let J be a uniform random subset of [n]
of cardinality ¢ (defined on another probability space). Denote by E the event that there exists a
(G, K)—admissible mapping ¢ satisfying the conditions

o |o([n])| =n — [ef];

o o H(p(i)) =i for alli ¢ J;

e ¢ is (64epn)-light.
Then

Py(&) > 1 — 2¢” TP,
where qz1g > 0 may only depend on 7.
Proof. We will assume that pn is large. We will construct the mapping ¢ in three steps. First,

we show that with large probability we can find a subset J’ of J of cardinality at least £/2 such
that for any ¢ € J’ both the left vertex i* and the right vertex it have “good” sets of neighbors.
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Second, we extract from J" a subset of pairs of left vertices H; with disjoint sets of out-neighbors
in each pair. Third, we construct subset Ho C H; which will define our compression ¢.

Let

M = {] <n: |9 (jR)\ > 2pn}.

Define a subset I of all left vertices of G satisfying the following conditions:

b |8out(jL)| < 2pn;

L4 out(jL) - TK,oo(g);

o ;L ¢ Oin(M).
Since we condition on event gz and because of Proposition[3.4} we have [0;,(M)| < exp(—cipn)n.
Further, by our assumption on the realization of G, the total number of left vertices of G whose
sets of out-neighbors have non-empty intersection with [n]\ Tk o(G), is bounded from above by
exp(—caopn)n, for a constant c; > 0. Finally, again in view of conditioning on &gz, cardinality
of the set of left vertices with at least 2pn out-neighbors is bounded above by exp(—cspn)n.
Combining the bounds, we get |I¢| < exp(—c’pn)n, for some ¢’ > 0.

Now, since J is chosen uniformly at random, standard concentration inequalities imply that
the set J' := J NI has cardinality at least £/2 with probability at least 1 — e~%%",

From now on, we fix J' with |J'| > ¢/2 and work with it as a deterministic set. We construct
the set of pairs H; step by step as follows: at k—th step, choose any index j in J’ which was
not previously selected. By our construction of J', [0pu(jF)| < 2pn. On the other hand, since
we conditioned on the event &gz, for every u € 8out(j,f), the cardinality of 0;,(u) is at most
2pn + C'logn. Hence, the number of unselected indices in J' whose sets of out-neighbors have
a non-empty intersection with Oy ( j,f ), is bounded above by 2pn(2pn + C'logn). Choose one of
the indices of J’ which does not belong to the set, and add the resulting pair to H;.

Continuing the process, we get a collection of pairs H; with |Hy| > (|J'| — 2pn(2pn +
C'logn))/2 > £/8, where we used our assumptions on ¢ and pn.

It remains to construct a subset Hy C Hjp of pairs of vertices to be glued together by the
mapping ¢.

Let @ be a uniform random subset of H; of cardinality [2e/| < 16¢|H;| (defined on another
probability space). By the construction of Hj, for any right vertex u of G we have

[{(.7) € Hi: {4,7} N 0 (u) # 0} < 2pn.
Hence, a standard concentration inequality implies
Po{[{(j.5) € Q@+ {4, 5} NOin(u) # 0}| > 64epn} < exp(—caepn), u < n.
Further, using the condition |9, (5%)| < 2pn, j € J', we get
{u<n: |{(G,5) € Hy: {5,530 0m(u) # 0} > epn}| < Co|H|/e.
For every u < n, denote by 1, the indicator of the event (with respect to the randomness of Q)
{{(G,5) € Q: {j. 7} NOn(u) # 0}] > 64epn}.

Then, by the above, Egl, < exp(—csepn) for all v < n and, moreover, 1, = 0 for all but at
most Cy|Hi|/e indices. Hence,

n
Z 1, < C2LH1’ exp(—cqepn) < exp(—csepn)|Hy |
u=1

for some realization Qg of Q.

Denote by R the collection of all indices u < n with H(],}) € Qo: {47} N Oin(u) # 0} <
64epn. The above argument shows that |R¢| < exp(—csepn)|Hi|.

Define Hy as the subset of Qg of cardinality |ef|, where we remove all pairs of indices {j,j}
intersecting with 9;,(u) for some right vertex u € R° (such a subset exists since j© ¢ 0;,(M)
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for all j € J', and |R°| is small). Finally, observe that if we define any surjective mapping
¢ : [n] — [n — |Ha|] with ¢(j) = ¢(j) for all (j,j) € Ha, is (G, K)—admissible and is (64epn)—
light. O

As the next step, we extend the notion of chains to compressed graphs. Specifically, let m < n,
let G € Gy, and let ¢ : [n] — [m] be a (G, K)-admissible map. We will say that a sequence
(jg)]gzl of right vertices of ¢(G) is a ¢p—chain of length k for ¢(G) if for any ¢ < k we have
je # jesr and ¢(je)" — jf, (i.e. the edge from ¢(jo)" to jfi | belongs to the edge set of ¢(G)).
If all jo’s (1 < ¢ < k) are distinct, we will call such a ¢—chain cycle-free. Further, if j,’s for
1 < ¢ <k —1 are all distinct but ji = j, for some v < k — 1, the ¢—chain will be called cyclic.
Note that for m = n and ¢ being the identity map, the above notion of chains coincides with
the one given in the previous subsection. Similarly to the “uncompressed” setting, ¢—chains
can be associated with “zig-zag” paths on the graph ¢(G). Namely, (jg)éle lies on the path

it = (i) = 5t = o)t — - = (1)’ — Ji, with G # jf | for all £ < k.

The definition of self-balancing ¢—chains and contact elements carries to the generalized set-
ting in a straightforward way. We restate the definitions for completeness. Let G € G, and
let ¢ : [n] — [m] be (G, K)-admissible. Given K > 0, a ¢—chain J = (jy)5_, for ¢(G) is
(K, ¢)-self-balancing if j; ¢ Tk oo(¢(G)) for all £ < k and, moreover, for any ¢ < k, we have

094 (je) € 5, ( U Treg (6(G)) \ {Je})

g>1

By a “self-balancing chain” for a graph G € G, , we mean t—self-balancing chain with 1) being
the identity mapping. This makes the new generalized notions compatible with the previous
definitions.

The following lemma allows to easily transfer the results of the previous subsection to the
new generalized setting.

Lemma 4.13 (Compression via an admissible mapping). Let G € Gy, and let ¢ : [n] — [m]
be (G, K)—-admissible (for some K >0). Then

e Any chain J for G is also a ¢p—chain for ¢(G). Converse is not true in general, however

o Any ¢—chain J for ¢(G) such that J N Tk oo(G) =0, is also a chain for G;

e Any cyclic ¢p—self-balancing chain for ¢(G) is also an self-balancing cyclic chain for G,
and vice versa;

e Any cycle-free ¢p—self-balancing chain for ¢(G) is also a cycle-free self-balancing chain
for G, and vice versa.

Proof. The first assertion of the lemma follows immediately from definitions.

For the second assertion, assume that J = (j,)%_, is a ¢—chain for ¢(G). Then j* — ¢(jo)L
gty for all 1 < £ < k. Now, the condition J N Tk o(G) = 0 implies that ¢~'(¢(j,)) = je. On
the other hand, jﬁ — ng — jﬁl in G if and only if jf — o(jo)t — jﬁl in ¢(G), ¢ < k. Thus,
J is a chain for G.

For the third and fourth assertions, let J = (j,)f_, be a (K, ¢)-self-balancing cyclic (resp.,
cycle-free) chain for ¢(G). Then, in particular, jy ¢ Tk o(¢(G)) for all £ < k, and hence, by
the definition of an admissible mapping, for any left vertex ¢ of GG, such that &mt( )N J # 0, we
necessarily have ¢~1(¢(i)) = i. That is, restricted to 9;,(je) (¢ < k), ¢ acts as a bijection. This,
together with the stability of the vertex types under the “compression” operation (Lemma [4.11))
implies that J must be an self-balancing cyclic (resp., cycle-free) chain for G as well (in the
sense of subsection . The converse statement is checked in a similar way. O

Combining Proposition Lemma [4.6] and Lemma we get
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Proposition 4.14 (Statistics of self-balancing ¢—chains). Let n,p,G satisfy assumptions (B1)).
Define

=

Efm = {For any (G, Ko/2)-admissible map ¢

there are no (Ko /2, ¢)-self-balancing cyclic chains for gb(g)};

Oin (| Tiog(@))| < ne- @},
g>1

éigm = {For any (G, Ko/2)-admissible map ¢ and any 1 < k < n'/*,
all but at most ne T cycle-free p—chains of length k
for &(G) are not (Ko/2, (ﬁ)fself—balancmg},

and set

= " fn "
Then P(fm} >1-— exp(—cmpn) —n~ % for a universal constant > 0.

4.4.1. Number of ¢p—chains. The next lemma bounds the number of starting vertices of ¢—chains
terminating in a set of right vertices S.

Lemma 4.15. Let n,p,G satisfy assumption (B1), and &gz be as in Proposition . Fiz a
realization of G in &gz Let K >0 and let ¢ be a (G, K)-admissible map. Then for any subset
S C [n] and any k > 1, the set

We,s = {j <n: there is a p—chain J = (jo)j_y for ¢(G) withu <k, j1 =7, ju € S}

has cardinality at most

k—1
(Clpn + Ciglos %) 151,
where OEE > 0 is a universal constant.

Proof. We will construct the ¢—chains with the last element in S “backwards”, using the defini-
tion of &gg. Clearly, Wy g = S. Take any k > 1. Observe that cardinality of the set W, g can
be bounded from above by twice the cardinality of the union of 82{;(71), t € Wi—_1,5, plus the car-
dinality of S, with the latter coming from chains of length one. Indeed, any ¢—chain J = (j,)}_,
of length u > 2 must satisfy 5 — ¢(j1)* — j&, and therefore j; necessarily belongs to the
set gb_l(@i(jg)). Thus, all possible choices of j; are contained in the set ¢—1(a§;(wk_1,s)) of
cardinality at most 2 laﬁl(Wk_LS)]. In view of Lemma we obtain

1
S W) < 105, W19)] < [0 (We-1,5)] < C(pm + 1og ) Wi1s]+ 18]

n
[Wi-1,5]
n
5]
Applying the estimate iteratively, we get the result. O

< (pn + log ) Wi_isl, k> 1.

As a corollary of the last estimate, we obtain

Lemma 4.16. Let n,p,G satisfy assumption , and &gz be as in Proposition . Fiz a
realization of G in &gz Further, take K >0 and a (G, K)-admissible map ¢. Let V be a subset
of ¢([n]), let k > 1, and let J be a collection of ¢—chains for ¢(G) with distinct first elements,
each J = (jo))_, € J of length at most k and such that

L (J)NV #10.



28 MARK RUDELSON AND KONSTANTIN TIKHOMIROV

Then necessarily

n \k
T < (0@29” + (gglog W) V]
Jor a universal constant Czzg > 0.

Proof. First, we estimate cardinality of the subset V' C [n] of all right vertices j such that
92 ()NV # 0. Clearly, the last condition is equivalent to 9, ()N~ (V) # 0, where [¢~1(V)| <
2|V]. Lemma implies
V'] < C(pn + log £> \4
V]
for a universal constant ¢' > 0. On the other hand, by the definition of sets W s from
Lemma we get |J| < Wk, v|, and hence, by the cardinality estimate from Lemma m

k—1
< / / n "
1< (Clont Clog ) IV

The result follows. O

4.5. Shells. In our approach, we separate observations related to the structure of the underlying
graph G, from linear algebraic aspects of the problem. The notion which connects these two
parts of the argument is shell.

Let G € Gg m, let d > 1 be a natural number, and M C [k] be any subset of left vertices of G.
We say that a finite sequence A = (Cg)?zo of sets of right vertices of G is an M —shell of depth
d for G if for any 0 < £ < d—1 and any j € C; we have the following: whenever a left vertex
i € [k] \ M is such that i « j, there is a right vertex j' = j/(i,7) # j in Cpy1 such that i — j'.
The sets Cp are called layers of the shell. The subset Cy will be called the center of A.

As we prove below, assuming certain expansion properties for the graph G, we can show that
any shell centered in Tk oo(G) (with the center of sufficiently large cardinality), must be fast
expanding in the sense that cardinalities of the layers grow at an exponential rate.

Lemma 4.17 (Expansion property of shells). Let k,m be large integers, M C [k], K > 0; let
G € Gy, and assume that for some 6 € (0,1] and € € (0,1/32) we have

(4.4) 0in (1) = Z |0 (i)| — eK|I|, for any subset of right vertices I with |I| < ém.
el
Further, fix any non-empty J C Tk o (G) with |J| < dm/2 such that

> ]
e Z 1Out (1)| < o

ieM
Then any M-shell A = (Co)d_, for G of depth d > 1 centered in J (if such a shell ezists),
satisfies
Ce| > min ([0m/4], (32e)71J]), 0<{£<d.

Proof. Let us fix any d > 1 and any M-shell A = (Cg)‘}zo for G centered in J (if such a shell
does not exist then there is nothing to prove). Observe that the total number of right vertices
whose sets of in-neighbors intersect with M at least on K/2 vertices, is at most 2 3.1/ |0out (i),
which is less than |.J|/2, by the assumptions on J and G.

We will prove assertion of the lemma via an inductive argument. At zero step, we set 170 to
be the subset of all vertices j € J such that

Ot )\ (M 0 01 (| T (@) )| 2 /2,

g>1

(4.5)
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By the above remark on the cardinality of M and the definition of Tk o (G), we get Vol > |J]/2.

We then let Vg to be a subset of Vj of cardinality min(|6m/2],|Vol).

Now, fix 1 < ¢ < d, and assume that a subset V;_; of Cy—1 N Tk oo (G), of cardinality |J|/2 <
|Ve_1] < dm/2, such that all j € V;_; satisfy , has been defined.

Denote by Qg the collection of all edges i < h, with h € V;_1 and i € [k] \ M. Note that by
the definition of an M-shell, for any edge i < h in @, there is right vertex r # h with r € Cy
and i — r. Thus, we can define a function f : Q — [m], with » = f(i < h) (f need not be
uniquely defined). Further, by the condition on V;_1, for any h € V;_; there are at least K/2
left vertices i such that the edge i <— h belongs to Q, and f(i,h) € Tk (G). Thus, the set
Qy={i<hin Qu: f(i,h) € Tk,oo(G) NCy¢} has cardinality at least K|V,_1|/2.

Set S :={f(i,h) : i + hin Q}}, then for any h € Vy_; we have |0;,(h) N Oin(S\{h})| > K/2.
This immediately implies that

> 0] = [0m(SUVii1)| = K[Via]/4.
reSuV,_,
Combining this with the expansion property taken as the assumption of the lemma, we get
K|Vyi_1]/4 < eK|SUVp_4],
unless |S' U V;_1| > dm. Hence, we have
S| > min (((4e) ™" = 1)|Vi_1], 6m — [Ve—1|) > min ((8) Vi1, 6m/2).

Further, let S’ C S be the set of all right vertices in S whose sets of in-neighbors intersect with
M at most on K/2 elements. Obviously, the total number of vertices in S\ S’ cannot be bigger
than 2 >,/ [Oout ()| Hence, by the assumptions on J and §, we have

J J
1S’ > |S] — |2| > min ((85)71\W71| - |2‘,5m/4> > min (| (16¢) Vi1, [6m/4]),
where in the last inequality we used the induction hypothesis. Now, we set V; as a subset of
S” of cardinality min ([(16¢)~V,_1|], [6m/4]). Then [J|/2 < |Vg| < ém/4, completing the
induction. The result follows. O

The next lemma shows that if the center of a shell is sufficiently large then the union of first
few layers has a large intersection with T /2 o (G)-

Lemma 4.18. There are constants G713, @718 Cllm > 0 with the following property. Let n,p,G

satisfy assumptions (B1)) and fix a realization of G in §gzN &gaz- Let m < n, and let ¢ :
[n] = [m] be a (G, Ko/2)-admissible surjective mapping. Further, let M C [m] be a subset of

left vertices of ¢(G) satisfying
M| < n/VL,
for some L > 1. Let 1 <k, and let A = (Cg)]l’fzo be any M —shell for ¢(G) such that

ICol > (Cgzgpn + Ggrglog L)k+2n/ﬁ + Qrage” BP0,

Then necessarily

k
UG N T 200(0(9))| = ( + 1)y max (n/ VL, Y 100un(0)]).
=0 ieM
The assumption on |Cy| requires L to be sufficiently large; otherwise, the statement is vacuous.
Proof. Fix an M-shell A = (C;)k_, for ¢(G) satisfying the above condition for Cy, where we
assume that Cirgg > 0 is a large universal constant to be chosen later. Note that the definition

of #(G), implies that ¢(j)¥ < j for all j < n. Now, starting with any j € Cg, let us construct
a sequence of vertices J = J(j) = (jo)i_, (with ¢ < k — 1) as follows:
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At Step 0, we set jo :=j € Cp.

At Step £, k > £ > 1, we have indices jg, j1, . . ., je—1 constructed, with j,. € C, for all r < £. We
do the following. If 35;(‘74—1) N M # () then set ¢ := £ — 1 and teminate. Otherwise, if j,_1 = j,
for some r < £ — 1 then, again, set ¢ := ¢ — 1 and terminate. Otherwise, as aﬁl(je—l) NM=0
and ¢(jo_1)" < jﬁl, by the definition of an M-shell there is a right vertex j, # jy_1 such that
je € Cp and ¢(je—1) — je; this vertex is added to the sequence.

At Step k (if this step is reached), we set ¢ := k — 1 and terminate.

As a result of the above procedure, for any j € Cy we obtain a ¢—chain J = J(j) = (je)i_, for
¢#(G) of length ¢ + 1 < k such that j = jp, Of;(jg) N M = for all £ < g — 1, and, additionally,
one of the following three conditions holds:

(a) 95,(jg) N M # 0;
(b) ¢ =k —1, 6?;(jq) N M = (, and J is cycle-free;
(c) 82 (i) N M = and J is cyclic.
Fix one such chain for each j € Cy and denote the set of these chains by J. If n/ VL > 1 then

Lemma Myields that the number of ¢—chains from J satisfying condition (a) is bounded from

above by
n

[n/VL]
(for n/v/L < 1 we have M = (), and the upper bound trivially holds as well). Further, on
the event &g, no ¢—chains satisfying condition (c) are (Ky/2, ¢)—self-balancing, and at most
ne” " chains satisfying (b) are (Ko/2, $)-self-balancing. Therefore, because of our assump-
tion on |J| = |Co| (choosing a sufficiently large Cirrg), we get that there is a subset J' C J
of cardinality at least || such that any J € J’ satisfies conditions (b) or (c) and is not
(Ko/2, ¢)-self-balancing.
Pick a chain J = (j¢)7_, in J’. Then, by definition of non-self-balancing chains, we have the
following alternative.
(1) There is v < g such that j, € T, /250(¢(G)). We denote the vertex j, by j;.
(2) The chain J does not satisfy (I]), and there is v < ¢ and a left vertex i € 8fut(jv) such
that 02, (i) \ {j,} C Tk /2,00(0(G)) \ J. As J is of type (b) or (c), we have i ¢ M, and

hence by the definition of an M-shell, the set ﬁfut
that there is a right vertex

§ € (9t \ {4}) N Cut1 € (CoU -+ UCK) N Ticy200($(9))-

In this case, we set wj := j.

(6’pn + Clog )k In/VL| < (C'pn+ C'log L)kn/\FL

(7) \ {jv} must be non-empty, implying

Denote
S1 = {j] . J satisfies }; Sy 1= {WJ : J satisfies },
and observe that 51,9 C (CoU - UCk) N Tk, 2,00(¢(G)) and at least one of these sets is
non-empty.
Take any set W of right vertices containing S := S; U S2. By Lemma [4.15] applied to chains
J truncated at j;, we have

k—1
{J €T Jsatisfies () }| < <qm]pn+qmlog %) |W].

Similarly, by Lemma [£.16] we have

" log. o),

HJE J': J satisfies }‘ < (5pn+6’log$ [
|8§<W>|)
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where
n

¢
05, (W) < C(pn + log Wi

) W,

in view of Lemma 3.5
Combining the inequalities and taking the minimum over R = |W| > |S|, we get

(4.6) Leol <1771 < min (c’ n+C'lo ﬁ>k+1R
' g MOl = ~ n>R>|S] b R

for a large enough universal constant C’ > 0. Let us show that the last relation implies that

11> (k+ 1) max (n/VL, Y 105,0)]).

ieM
Since we condition on event &gz, Lemma and the upper bound |M| < n/v/L imply that
S el i) < C (pn+1log L)n/v/'L for a universal constant C' > 0. Thus, it is sufficient to show
€M

that
S| > C(k +1)(pn +log L)n/v'L.

As S # (), the last inequality can be false false only when C(k + 1)(pn + log L)n/ﬁ >1. In
this case, choose Rg := |C(k + 1)(pn + log L)n/v/L| and observe that

k+1
(c’pn +C'log Rﬁ> Ro < (C"'pn + C" log L)*2n/ VL.
0

Thus, if the constant (g is sufficiently large, we get contradiction to (4.6)).
The result follows. 0

5. ALMOST NULL VECTORS CANNOT BE VERY SPARSE

In this section, we show that a shifted (very sparse) random matrix A — zId satisfying the
above assumptions on the distribution of the entries and on the non-random shift, typically does
not have almost null very sparse vectors. The main statement of the section is Proposition [5.4]
The main difficulty in proving the result, compared to the standard setting dealing with dense
matrices as well as sparse matrices with at least logarithmic average number of non-zero elements
in rows/columns, lies in the fact that in the very sparse regime some rows and columns of A
have only zero components. The absence of very sparse null vectors (and, as we show later, non-
singularity of A — z1d) is guaranteed by the presence of the non-zero shift zId. Accordingly,
the way to study the kernel of A — z1d is significantly different from the geometric approach to
invertibility of dense random matrices. The random graphs, considered in the previous section,
provide a helpful tool in analyzing the structure of non-zero entries of the matrix A — z1d, taking
into account their magnitudes. In the next subsection, we will consider matrix equivalents of
the notions of a ¢-compression, an M-shell and vertex types.

5.1. Compressions, shells and types for matrices. Let B = (b;;) be an m x k matrix with
complex entries, and let K > 0 be a parameter. We associate with B a graph Gp € Gy, with
the edge set defined as follows: i — j if and only if b;; # 0, and i < j if and only if |b;;| > 1/cv.
This way, rows of B correspond to left vertices of Gp, and columns — to right ones. When
the matrix B is random, this association generates coupling with a random graph from Gy, .
In particular, when B = A — zId, with A and z satisfying conditions f*, the
associated graph G := Gp satisfies where we take p;; as indicators of events {|&;;| > 1/a}.
For every g € NU {oo}, we let Tk 4(B) := Tk 4(Gp). We will refer to sets T 4(B) as column
types of B. The infinite type Tk (B) is of particular importance to us as it corresponds to a
nicely expanding part of the graph.
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Further, consider a square n x n matrix B. Let ¢ be any (G p, K )-admissible mapping with
#([n]) = [m] for some m < n. We define the m x n matrix ¢(B) (the p—compression of B) by

rowi(¢(B)) == Y rowy(B), i<m.
vEP (i)
The above means that we add rows whose indices are glued together by ¢, and have disjoint
supports, in view of the definition of a (G g, K')-admissible mapping. Note that Tk 4(¢(B)) =
Tk 4(¢(Gp)). In what follows, such a mapping ¢ will be called (B, K)-admissible.

We say that a (B, K)-admissible mapping ¢ (for some n x n matrix B) is u-light for some

u > 0 if

{i<n: 197 (0(3))| =2} N supp col;(B)| < u  for all j < n.
Clearly, the notion is consistent with that of a u—light mapping for graphs, given in the previous
section.

Shells for matrices are defined as shells for the associated graphs. Specifically, let B = (b;5)
be a k x m matrix with complex entries, let d > 1 be a natural number, and M C [k] be any
subset. We say that a finite sequence A = (Cg)?zo of subsets of [m] is an M —shell of depth d for
B if for any 0 < ¢ < d—1 and any j € C; we have the following: whenever ¢ € [k] \ M is such
that |b;j| > 1/c, there is an index j' = j'(i,7) # j from Cpyq such that b;j is non-zero. The
subset Cy will be called the center of A.

5.2. Matrix shells in non-random setting. In the next lemma, we relate structural prop-
erties of almost null vectors of a matrix to properties of its M-shells. More specifically, we will
show that if the coordinates of an almost null vector x are large on some subset of indices J
then there exists an M-shell A centered at J such that x;’s are also large for all 4 in the first
few layers of A.

Lemma 5.1 (Order statistics and M-shells). Assume that B = (bij) is a k x m matriz with
complex entries. Further, let M C [k], let © € C™ be a complex vector, and fix any non-empty
J C[m] and d > 1. Denote

L= b;
Z éﬁ?\XMZ‘ il
Assume that

1 —d . .
)wam’]’ 2—204L) 1}161}1]%], i€ lk]\ M.

Then there exists an Mfshell A= (Cé)ezo of depth d centered in J such that for any 1 < q <d
with Cq # 0, we have

200 L)~ min [x;].
e, = > (20L)" 5116151|$J|
Proof. We start with the following observation. Let (i,¢) € ([k] \ M) x [m] and assume that
lbie| > 1/a and |z > (2a L)~ min|a;].
jE
Then the upper bound on | Z;nzl bijz;| implies that there is h = h(i, ) # ¢ such that b;, # 0

and |zp| > 527 |zg|. Indeed, if it was not the case then the inner product >y bijz; could be
estimated as

1 1 —d .
] Zb”%] > [y biel = Yl bir| > foebuel = L+ o lae] > 5 (20 L)~ minla],
r#l
leading to contradiction.
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Denote by @ the collection of all pairs (i, £) € ([k]\ M) x [m] satisfying the assumption above.
If @ # 0 then the observation above tells us that we can define a mapping f : @ — [m] taking
f(i,0) := h, with h = (i, {) satisfying the aforementioned conditions.

Now, we can construct an M-shell (Cq)gzo centered in J as follows. Let C; := {f(¢,¢) : (i,¢) €
QN ([k] x J)}; and for any 1 < g <d—1, let

Cort = {F(5,0) : (i,0) € QN ([k] x Cy)}.

Observe that by the construction for any 1 < ¢ < d and any ¢ € C, we have, by induction,
z¢| > (22 L) 7 min |z;].
2 > (20.2) " mina|

Thus, whenever (i,£) € ([k] \ M) x Cq is such that |b;s| > 1/, there is at least one index ¢’ # ¢
with ¢/ € Cyq1 and by # 0. Thus, the M-shell is well defined. Finally, assuming that C, is
non-empty, we have

200 L)% min |z;
:r|C = > (2aL) rjxlel?\xj\,
and the result follows. O

Clearly, the above lemma gives a non-trivial estimate only when all shells for B are “expand-
ing” in the sense that cardinalities of the g-th subset of each shell is much greater than |J|. This
expansion property is guaranteed by Lemma Combining it with Lemma we obtain

Corollary 5.2. Let k,m, M C [k], K, €, 0 and the associated graph G := Gp be as in
Lemmal[{.17 (in particular, G satisfies ([4.4)) ). Set

L= b;
éﬁ?\XMZ| il-

Fiz a non-empty subset J C Tk o (B) with |J| < dm/2 and

2 /]
I7a Z | supp row;(B)| < o

ieM

Let x be a complex vector such that

)mex])gé(QaL) dm1n|:r3]] i€ [k]\ M.
7j=1

Then for any 1 < ¢ < d and ky := min (|dm/4], (32¢)7%|J|) we have
200 L) " min |z;].
Tk, > (20L) I;g}”%‘

Roughly speaking, the last statement tells us that whenever B satisfies certain expansion
properties, any almost null vector of B, “well supported” on Tk o (B), must necessarily be well
spread.

5.3. Order statistics of almost null vectors. In this subsection, all the results on the random
graph G and its compressions obtained in Section [4], come into play. As in the text before, we
define parameter Ky as K¢ := pn/(2a). By some abuse of terminology, we will say that some
event holds for a random n x n matrix B if that event holds for the associated graph Gp.

Lemma 5.3. There are universal constants (g3, qz3 > 0 with the following property. Let n,
p, z and A satisfy (Al - - -, and set A := A — z1d. Fiz a realization of A such that

&z occurs for A and event §gzN gz N &z3(1/(512a)) occurs for A. Let q be in the interval
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{1,2,..., [e" T2}, Let m < n, and let ¢ : [n] — [m] be a (A, Ko/2)-admissible (Ko/256)—
light mapping. Then for any vector x € C" with

~ 4n 4n
16(A) ally < Y7 (20)~Chzalos” & tos”log & e

we have o

g < (20) T O
Proof. Observe that the condition on the Euclidean norm of ¢(A) z implies that the set M cC [m]
of all indices ¢ such that

24 27 4
—gg;ﬂlog 7”10g logf *

(2cr) Ty,

1
2a
has cardinality

|M| < n(2a)—q‘53|10g2 47" log? log 47".
Denote B := ¢(A) and let k := (cp% log 47”], L := (klog %”)Ck(%)Q, and d := [C'log L], where
¢ > 0is small and C' > 0 is large enough constant, whose values can be recovered from the proof
below. Let M’ C [m] be the set of all indices i such that |[row;(B)||1 > L, and set M := M UM".
On event &gz, we have |[M’| < n/(2v/L), and so |[M| < n/V/L.
Let A = (Cg)?zo be the M-shell for B centered in the set Co := {i < n : |z;] > z}},
constructed in Lemma [5.1l By the assumption on ¢ and the definition of L and k& we have

(Czzmpn + Cmmlog L) n/vVI

4 k+2 An~\ —Ck/2
< <qmpn + 20g1yCk log log il 20115 log ﬁ) (k log —n>

q q q

if C is sufficiently large. Also,

q=

)

N[

if ¢ is small enough. Thus, the cardinality of Cy satisfies assumptions in Lemma Applying
Lemma we get

k
‘ U Ce N TKO/Q,OO(B)’ > (k+ 1) max (n/\FL, Z | supp rowi(B)]>,
=0 €M
and hence there is ¢y € {0,1,...,k}, such that
ICoo M Tky/2,00(B)] > max (n/\/z, Z |suppr0wi(B)|),
€M
implying

4 Ce, NT (B
L3 supprowi ()| < 1o MKz (B]

ieM
Since we are on the event &zg(1/(512c)), the graph G ; satisfies
}81- (I)‘ > Z ‘@n(z)‘ — kK |I| for every set of right vertices I, 2 < |I| < dn,
el
with k := 1/128, K := Ky/2, and 0 := ¢1/(pn) (for some constant ¢; > 0 depending on «).
Next, we use the assumption that the mapping ¢ is (K(/256)-light. Applying Lemma we
get for the graph Gp = ¢(G 7):

‘8;7;(1)‘ > Z ‘85;(1)‘ —eK|I| for any subset of right vertices I with |I| < dn,
el
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with € := 1/64. Applying Lemma with J := Cyy N Tk, /2,00(B) and using that d > Ck and
fo < k, we obtain

|Cq| > min (Lém/4j,2d_K0\J]) > min (L(Sm/élj,ZCIOgL/Q]JD > ca/p.
Thus, using Lemma [5.1] we get
Ty sp = (200 L)fdxf],
and the result follows. O
In the next proposition, we extend Lemma to all ¢ <¢/p.

Proposition 5.4. There are universal constants 9’@@ > 0 with the following property.
Let n, p, z and A satisfy ff,' set A = A — zId. Assume that event §gz N
&g N &za(1/(512a)) occurs for A and event &gp occurs for A. Let q be in the interval
{1,2,...,lggz/p]}. Let m < n, and let ¢ : [n] — [m] be a (A, Ko/2)-admissible (Ko/256)-
light mapping. Then for any vector x € C" with

A n — 2 4n 2 4n N
[¢(A) |2 < \2/;(200 Clzglos” 3t log” (protlog 52 e

we have

* qﬂlog2 4n 16502 (pn+log 40) 4
ﬂfq S (20{) q aq xL/pJ

Proof. We will choose constant (g > 0 large and qgz > 0 small enough (the precise relation can
be recovered from the argument below). In the range ¢ € {1,2,..., e @"/2n|} the statement
is proved above (Lemma. When ¢ > e~ @F"/2p, we have on &g that the subset

Jo={i<n: fwil > 23} N Tipo0($(A))

has cardinality at least q/2. Set L := C(pn)%(n/q)? (for a large enough constant C' > 0). As in

the proof of Lemma we define two subsets M, M’ C [m]: M is the set of all indices 7 such
that

= 1 _ %A an an
‘<I‘OW7:(¢(A))7§;>’ > %(ga) 7 10g? 42 log? (pn-+log q)x;’

and M’ the set of all indices i such that |[row;(¢(A))|} > L. Define M := M U M'. On the
event &g N &g we have |M’| < n/v/L. Therefore, by Lemma [3.5 and since ¢ > e~ E@3"/2p we
obtain >, | supp row;(¢(A))| < C’pn - n/v/L. Thus,

/]

9 ~
I Z | supp row;(¢(A4))| < T
Ve

Similarly to the proof of Lemma we can estimate the cardinality of M as
[M] < n(2a) B

2 47" 10g2(pn+1og 47")

Proceeding as above, we get

23 Isup rowi(o( )] < .
ieM
As in the proof of the above lemma, observe that on event &gg(1/(512)), in view of Lemmal[4.10]
the matrix (ﬁ(g) satisfies (4.4) with ¢ := 1/64, K := Ky and 0 := ¢;/p (for some universal
constant ¢; > 0). Then, applying Corollary with d := |C'log %”j (for an appropriate
constant C’ > 0), we get the required estimate. O

As an immediate corollary, we get the following statement:
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Corollary 5.5. Let n, p, A, z satisfy assumptions (A1l)-(A2)-(A3]). Fiz a realization of
A=A — zId such that events §gzN 5@ N &3(1/(512cr)) and §gg occur. Then any vector

z € C" such that | Az||es < (20) 98" 7|2 oo, satisfies

O, 377, *
2]l o0 < (20) TS p—at

and, moreover, for all ¢ in {1,2,...,|qz/p]} we have

* (alog? 22 log? (pntlog )
zg < (20) ‘ T qp)

6. ALMOST NULL VECTORS CANNOT BE MODERATELY SPARSE

In this section, we extend the results of Sectionshowing that the the matrix gb(g) typically
does not have almost null vectors which are close to n/log(pn)—sparse. By the results of the
previous section, it is enough to consider vectors x € S"~!(C) having sufficiently large 7, for
m ~ p~'. Unlike the treatment of very sparse vectors, which relied on the properties of the graph
associated to the matrix, the analysis of the moderately sparse vectors uses e-nets. However,
the standard e-net argument cannot be applied here as the operator norm of the matrix ¢(A) is
too large. Instead, we will analyze each inner product of a row of qb(ﬁ) and x separately. In this
analysis, in contrast with the dense matrices, the approximation in £, norm works better than
that in 2 norm. We note here that several versions of the e—net argument have been developed
recently to deal with sparse random matrices; see, in particular, [19, 12 3, 4, 5], 20, 21]. The
argument presented here differs considerably from those works.

To approximate any moderately sparse vector in £o, norm, one can consider a covering of
S"~1(C) by cubes. This covering, however, is too large to be combined with a small ball
probability estimate, which is rather weak due to the sparsity of the matrix. Yet, the sparsity,
being an obstacle, can be turned into an advantage. For a fixed vector x any given row typically
has zero entries in the spots corresponding a few largest coordinates of x. If this occurs, the
largest coordinates of x do not have to be approximated, which allows to reduce the cardinality
of the net. We implement this program below.

For a vector x € C" and a number r > 1, denote by Max,(z) an |r|-element subset of
[n] containing coordinates of z with largest absolute values (the ties are broken arbitrarily).
Let n/2 < m < n. We will consider a sparse m x n matrix ¢(A), where ¢ : [n] — [m] is a
(Ko/2, K)fadmissible surjective mapping and, as before, A = A — 21d,,.

_ We start with showing that for a fixed vector z, the probability that a given row of the matrix
A has a large product with x and the entries corresponding to the largest coordinates of x are
zeroes, is non-negligible.

Lemma 6.1. Let n,p,z, A satisfy (Al)—(A2)—(A3)), and let A= (a;j) = A — zId,,. Let
7 € (0,1) be a parameter and q be an integer with Tp~* < q < p~'. Fiz x € S"~1(C). For any
i ¢ Max,(z), consider the event

Q= {Z laij| < Ugzpn & ai; =0 for all j € Maxg/s(z) & |(row;(A), 7)| > —a:;}

j=1
Then
P(2,) > az7
for some qg7= qz7(T) > 0 depending only on T.

Proof. Let U be the event that a;; = 0 for all j € Maxgo(x). Then, clearly, P(U) > c1, where
c1 is an absolute constant.
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Next, condition on any realization of a;;, j € ([n] \ Max,(z)) U Max (), and set

Yy = Z aijl'j.

Jj€Maxg(x)\Max, /o (x)

Let € (z) be the event that exactly k of the entries a;j, j € Maxg(x) \ Max,o(x), have abso-
lute value greater or equal to 1 /a, and the other entries are zero. Clearly, y = 0 everywhere
on Qé(ac), and ly| > éxz everywhere on € (z). Further, by the conditions on ¢, we have
P(Q4(x)),P(Q)(x)) > c(r) for some ¢(r) > 0. Together with the above observation on the
probability of the event U, this gives

_ . IV I
Py = 0 for all j € Maxyo(a) & |(row,(4),3)| > 5wy} > d(r)

for some () > 0. Finally, observe that as the row;(A) contains one entry which is shifted by
z and |z| < pn, by Markov’s inequality there is Cy(7) > 0 such that

n
N pnE|&;| +pn _ d(7)
JP{ >C }< < .

The combination of the last two probability estimates yields the lemma. O

To pass from a single coordinate of Az to bounds for its norm, we need the following elemen-
tary lemma showing that with overwhelming probability, the number of good rows is large.

Lemma 6.2. For any 7 € (0,1) there are qgp, qﬁ > 0 depending only on T with the following
property. Let x and n,p,z, A, q be as in Lemma|6.1 Denote

i€[n]\Maxq(z)
where 1q; is the indicator of the event QL. Set
Q= {|S(x)| > agzn}-
Then
P(Qs) > 1 — exp(—qgzzn)-

Proof. Since the events (2, for different i are independent, Bernstein’s inequality and Lemma
imply this bound. 0

The next proposition is the main step toward proving the result of this section. It asserts
that if X is an almost null vector for ¢(A4) and =7, /2 and z}, are commensurate, then typically
x}, is also commensurate with xy, for M almost proportional to n.

Proposition 6.3. Let 7 € (0,1), let n,p,z, A, q be as in Lemma and let

pt<m<pt

There exist positive constants g3, (f{m, @3 @3 (53 depending on T and o with the following
property. Let

M := | qggn/ log(np)],
and define

fga={¥ ¢ [n] > N with |{i <n: |67 (6(0)] > 2} < aqgn and

Va € S"1(C) such that ¥, > e_mp”xrmm & xy < qpinﬂxin

we have || p(A)z||s > 6]33\/596;"”}
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Then P(&gz3) > 1 — exp(—Uggn).

Proof. Let

.~

pn
where the constant will be chosen later. Denote

V= {a: e S YQ): o, > e_w":v’[mm & xy <e- x;‘n}
and define a function f: V — C™ by

Proji,\Max,, /(=) (%)
flw) = e

z) denotes the coordinate projection onto [n] \ Max,, »(z). Define also

W ={f(x): z€V}.
The proof uses an e-net in the set W in the £o metric. Note that for every x € V
1f (@)oo < H := exp(dgapn), f(x)rm/ﬂ_u <1 and f(z))_ lm/2)+1 = €

To construct the net, we first choose an M-element subset of [n] corresponding to Max(x) and
a further [m/2]-subset corresponding to Max,, »(x). After these sets are chosen, we cover the
cube of size H of (complex) dimension [m/2] and the unit cube of dimension M — m by cubes
of size €. This allows to construct an e-net N/ C W with cardinality

el )
- <M [log (i) + 210 <3>} Flmy [log < /2> +log (H)D |

en pn ~
M1 — 1 1 <
0g (M) leog( n) 0g (6 0g ZIEB]) = g3

)

where Proji,)\Max,, /o

Here,

and ;
n
Mlog (2) =gm— 1 —1on) < Cya
og <€> B3] 5 o) og(3qgzpn) < Cragan

for some constant C7 which does not depend on as long as qﬁ < pn. Also, since Tp~! <
m < p~ !, we have

M
(1) 1o (£75 ) + 10w (1) | < 20 low(Cutzapn) + ] < v
where Cy, C'3 do not depend on dgz. This allows us to conclude that

W[ < exp (Cadgzn) -
We will use a modification of this net to approximate the n — m/2 smallest coordinates of a
vector. Let us construct this modification.
For every u € N” and every I C [n], |I| = [m/2], pick a vector 2 € V such that Max,, j5(z) = I
and || f(z) — ull, <e. If such & does not exist for a given I, we skip this /. If such = does not
exist for any I, we skip w. This process creates a set N C V such that

N < <Lm7}2j> WV < (%) " -exp (Cadgzn) < exp (Csdgan)

where C5 does not depend on dgg. By construction, for any y € V', there exists an x € N with
MaXm/Z(x) = MaXm/2(y) and Hf(y) - f(m)Hoo < 2e.
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Assume that the event Q = (1, .\ € occurs. Take any y € V and choose z € N satisfying the
condition above. Since Max, /5(v) = Max,, 5(y), for any i such that Q¢ holds, we have

|[(rowi(A), y)| = [{rowi(A), Projpj\nax,, »(s) (¥))]
= |{rowi(A), F@)| - > (Itrowi(A), £(@))] — {rowi(A), f) = F))]) - vl

> (o 1) S0 3 ul) 450 > (o — 2 Ciom) -,

Jj=1

if the constant appearing in the definition of ¢ is chosen sufficiently small. Since S(z) > qggn
on €2, and since |{i <n: |¢p71(4(7))| > 2}| < qggn, this implies that

|o(A)y|, > awavi,

for an appropriately chosen ggg. We proved that if Q occurs, then the event &gz does not occur.
It remains to estimate the probability of 2¢. By Lemma [6.2] we have

P(Q°) < > P(Q5) < |V - exp(—ggmn) < exp (Csagan — qgon) < exp(—(qgm/2)n)
zeN
if the constant ggm is chosen appropriately small. This finishes the proof of the proposition. [
Now, we combine Proposition [6.3]and Proposition[5.4] to derive the main result of this section.
It will be convenient for us to define a single event which encapsulates all good properties of the

matrix A and the associated graph G 7. Set € := GgaN faga N Ggz(1/512a) N &g, and let Eypoq
be the event

Egood = {5 occurs for both A and ET}

Note that the results we have proved up to now show that P(E00q) > 1 — (pn)~¢ for an absolute
constant ¢ > 0.

Proposition 6.4. Let n, p, z and the matriz A satisfy assumptions (A1)—(A2)-(A3)). Fiz
a realization of A in Ejeq. Let q be in the interval {1,2,..., |qsz/p]}. Let m < n, and let

¢ : [n] = [m] be a (A, Ko/2)-admissible (K/256)~light mapping. Set
M = |qzzp/ log(np)].
Then for any vector x € C™ with
2 4n

~ n B 00 7 log(omtlog A1)
(A alls < YL (20) R 5 o Grios )

we have

log2 2 Jog? log 42
ng(za)qgog 4 log”(pn+tlog q)x}k\/[_

Combining Corollary and Proposition [6.3] we obtain

Corollary 6.5. Let n, p, A, z satisfy assumptions (A1)—(A2)—(A3). Fix a realization ofg in
ggood- Set

M = |qgzn/ log(pn) ).
Then any vector x € C" such that || Az|s < (20) =308 2| 3| o, satisfies

|2]|oo < (20) BB 5%
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7. THE SMALLEST SINGULAR VALUE

In this short section, we establish one of the main results of the paper, namely, the lower
bound on the smallest singular value. Sections [5| and [6] provide a probabilistic lower bound on
|Az||2 for sparse vectors x. The methods used there cannot however be extended to spread
vectors. A method for treating these vectors suggested in [27] was used to derive a lower
bound on the smallest singular value. If we know that a certain coordinate of z, say x1, has
a large absolute value, then we can use the orthogonal projection P; onto the space Hi =

span{colg(g), . ,coln(g)}l to bound ||Az||; from below:
1Azl > ||PyAzlla = |21] - || Preoli (A) 2.

The quantity || Pcol;(A)|2 can in turn be estimated below by |(v1, col; (A))], where vy is a unit
vector orthogonal to cola(A),. .., col,(A). This estimate provides the desired lower bound for
all vectors x with a sufficiently large first coordinate. If we don’t know which coordinate of z is
large, but know that many of them are, we can construct a probabilistic version of this estimate
by choosing a coordinate uniformly at random. We implement this idea below.

Theorem 7.1 (Bound for syin). Let n, p, A, z satisfy assumptions (A1)-(A2)-(A3), and, as
before, let A:= A — z1d. Then

P{smin(A) < (20) A" "} < (pn)~03,
where qra > 0 4s a universal constant.

Proof. For any j < n, let v; be a random unit normal vector to the linear span of columns

coly(A), u # j (of course, v; is not uniquely defined). We will assume that v; is measurable with

respect to the o-algebra generated by the columns col,(A), u # j, that is, v; and col;(A) are
independent for each j. Further, let Xy, be a normalized right singular vector corresponding
to the smallest singular value of A.

Denote

Esmin = good [ {Smin(g) < (2a)_2(m10g3n/(an)}-

and

E =& N - col: (AN < ~Cgzlog® n P

Jj +— “good {‘<V37COJ( )>‘—(20[) /(Oé\/ﬁ)}, 3_1727"'777"
Observe that Corollary [6.5] yields
Esmin © {| Xminlloo < (20) BB (Xi)3, ),
where
M := | qgzn/log(pn)],

as in Corollary The last relation, in combination with || Xmyin|jo = 1, implies that within
the event Egmin, at least M coordinates of Xy, are greater than (2a)_cm1°g3 " /\/n by absolute

value. On each of those coordinates, we have
smin(A) = || A inl2 > 1] A pin| > (20)EBE (1, coly(A))|/v/n,
hence,
(v, col;(A))] < (20)" BT "/ (/).

Thus, for any w € Espmin there are at least M indices j such that w € &£;. Equivalently, we can
write

n
(7.1) Z lg; > M everywhere on Egpmin-
j=1
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As the final step of the proof, observe that for each j < n:

P(&;) < P{|{v;, coli(A))| < (2a) "I " /(ay/n) and (v;)}; > (20) BT ™/ /),

Indeed, the inequality |(v;, colj(ﬁm < (2a)_qm'ﬂlog3"/(a\/ﬁ), together with the condition (v, coly(A))

0, u # 7, implies H./ZTV]‘HQ < (204)_%5'10?;3"\\%-”00. Since & C Eyood, by Corollary (ap-
plied to the transposed matrix ﬁ—r) this implies that v; is spread in the sense that (v;)}, >
(200) T8 || .

By our choice of v;’s, the event {(v;)}, > (20)~CEzlog’ n /., /) is measurable with respect to

o-algebra generated by columns col,(A4), u € [n] \ {j}, and hence
P{|(v, coly (A))] < (20) BT/ (ay/n) and (1))} > (20)~EBE "/ /n}
e - og®n
— (P {52 col ()] < (20)" B39 (/) | 1}, - o gt
< sup P{|(Y; col;(A))] < (20) "B/ (av/n)},
1%

where in the last relation the supremum is taken over all unit (non-random) complex vectors Y
with Y}, > (2)~CEmlog’ n /., /i Fix Y for which the supremum is attained.

Note that, by the assumptions on the matrix, each entry a;; of A satisfies E('dij, é) <1- g,
i = 1,2,...,n, and hence, denoting & := a;;Y;, we get E(&,é@a)‘qﬂlog?’”/\/ﬁ) <1-2
i € Maxp/(Y). Then, by Lemma the probability P(£;) can be bounded from above as

pe)<e( X &) ayi) < V8 < o Valogimim.

ieMaX]V[ (Y)

for universal constants C,C’ > 0. Thus, we have

IEZ 1g; < C'ny/alog(pn)/pn.

j=1
This, together with ([7.1) and Markov’s inequality, implies

P(gsmm) S C'”\/&logsﬂ (pn)/\/ﬁ
It remains to note that P(Ejp0q) > 1 — (pn) . 0

8. RANDOMIZED RESTRICTED INVERTIBILITY

We seek to extend the method of bounding the smallest singular value from the previous
section to bounding the k-th smallest one. It would be natural to suggest replacing rank one
random projections by the higher rank ones. Such idea was implemented in [28] leading to the
optimal estimate for the intermediate singular value of a dense matrix (see [33] for a matching
upper estimate). However, the method used in [28] to construct random test projections provides
a probability estimate which becomes too weak if we consider very sparse matrices. To improve
the probability estimate, we will take advantage of the special structure of a test projection.
This will be achieved by applying the restricted invertibility principle originating in the classical
work of Bourgain and Tzafriri [7]. The argument based on the restricted invertibility was used
in the recent papers of Cook [I1] and Nguyen [23], but our method will be different.

We need a probabilistic version of the Bourgain—Tzafriri restricted invertibility theorem [7,
Theorem 1.2].
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Lemma 8.1. Letn € (0,1), p > 0; let k < n, and let V be a k x n matriz with complezr entries
whose rows row1(V),...,rowg(V) are orthonormal. Assume that (IOWJ-(V))‘L‘WJ > p/\/n for all

j € [k]. Let
= lagm’p’kl,
let 1, ..., Bn be independent Bernoulli(¢/n) random variables, and set J :={j € [n]: B; = 1}.
Denote the columns of V by Vi, ..., Vi,. Then with probability at least (aggm)¢, the set J satisfies
(1) [T =4
2) WVilly < /2 for alt j € J;

(3) | Zyes Vi, = aaoy/nk 21l for any = € €.

Proof. Let R > 1 be a parameter to be chosen later, and let 1, . .., u, be independent Bernoulli( R¢/n)
random variables. Denote J; := {j € [n] : ¢; = 1}. We will prove that some weaker properties
hold for the random set J; with probability at least 1/2. Then we will extract a subset J of
cardinality ¢ from each good realization of the set J; satisfying (1), (2), and (3). This extraction
can be viewed as a random selection using axillary 2R¢ independent Bernoulli(1/R) random
variables. In this case, the probability that the correct subset J is selected is at least exp(—c¥).

We pass to a detailed construction. First, we select a subset of columns I with upper and lower
bounds on the Euclidean norm. By assumption of the lemma, the matrix V' = (vj;) satisfies

Il =i €n]: |vjil = p/vn}| > [nn] for all j € [K].
Denote Y; := |[{j € [k] : i € I;}|. Then 0 <Y; < k, and the previous inequality implies that
>or . Y; > [nn|k. Hence,
. 1 1 nk .
el Yiznk/2} > D> iz |(lmlk— = [{i€n]: Y <nk/2}]
i€ln]: Yi>nk/2

>y
=9

By the definition of ¥;’s, for any ¢ < k we have ||V;|, > pv/Y;/y/n, and so
Te=|{ieml: Wil 2o/} =T 4
= el Vill, 2o/ 50 1] 2 5 :

Set I := {z el: ||Vil, < % } By assumption on the matrix V, 27 |Vi||3 = k, so

1| > |I| -

. 4k nn
s Villo =>4 — > — — 1.
{icm: w2 =2

We will select a good subset of indices inside I.
Let 1 be the event that Zie j0i > %. Then, by standard concentration inequalities,
P(Q¢) < 1/8; moreover, on the event 1, the set

A L 4k
Jo :_Jlﬁl_{iele pﬁSIIW\\QSf}
2n nm
satisfies | Jo| > UTM-

For any set I C [n], let Q7 : C*¥ — C* be the orthogonal projection on span{V;, i € I}.
Notice that for every given i € [n], the random variables o; and HQ Jl\{i}‘/iHQ are independent.
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Therefore,

e n
EY || Qi Vills = EZ% 1Qugiy Vil = —E) Qi Vill3
=1

i€Jy

EZ||QJ1V||2— EHQJIVHHS

RY RL
< E(IQulhs - IVIF) < 2 - Re.

(Rf)

Let €22 be the event that ZzGJ HQJI\{,L}V H2 < 8=~ By the Markov inequality and the above

estimates, P(Q25) < 1/8. On the event g, we have

RE
[{ie Jie [|Qua Vil > 128Re/3n}| < 77

Let us summarize our conclusions. On the event {21 Ny, whose probability is greater than 3/4,

we have
m RL
{zeJl ,/ <HV||2_ ” and
7771

RY
{iedi: |QuaVills = 128Re/mn}| < ’716

If Jg:={ie€Jy: Hle\{i}V;H; < 128R¢/nn}, then on this event, |J3| > ”ﬁz Thus, for any
1 € Js,

|Jo| =

2 2 2 2 2
104 = Qupn i Villy = IVillz = [ Quaniiy Vil 2 1Vills = lQunviay Vil
> ||Vill3 — 128Re/nn > [|Vi][3 /2
if we assume that R and ¢ are chosen so that
1
(8.1) 128 Ragm < 1

Now, we assume that event 21 N Q9 occurs and fix a realization of the set J3. The rest of the
proof follows [7, Theorem 1.2] and is deterministic. Arguing exactly as in [7, Theorem 1.5], we
conclude that there is a subset Jy C J3 with |J4| > |J3|/3 such that for any z1,...,z, € C,

_ k _
>oaVi|| = apyn - [l Y Jal

1€Jy 9 1€Jy

Then, following the second proof of [7, Theorem 1.2] and combining Grothendieck’s theorem
and the Pietsch factorization, we find a subset J5 C Jy with |J5| > |J4|/2 such that

1/2
[k
Z ZiVi|| =2 cp no Z R
i€J5 2 1€J5
for any 21, ..., 2, € C. Here, |J5| > 2. Choosing R = 100/n, we can select an -element subset

Je C Js such that the previous 1nequahty holds with Jg in place of J5. Now, choose ggg such
that is satisfied. We constructed the subset Jg of cardinality ¢ for which the assertion (3)
of the Lemma holds. Assertion (2) holds as well since Jg C Jo.

It remains to recast the selection of Jg as a random choice. To this end, we introduce
independent Bernoulli(1/R) random variables 11, ..., 7, and set 8; = o;n;, j € [n]. Then j; are
independent Bernoulli(¢/n) random variables as required. Recall that J; = {i € [n]: o; = 1}.
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Let Q3 be the event that (1/2)R¢ < |J;| < 2RV, so P(Q25) < 1/8, and thus P(21 NN Q3) > 1/2.
Condition on o1, ..., 0, for which Q; N QN Q3 occurs. Set J = {i € J;: n; = 1}. Then

1
B(J = Jg | o1, es00) = (/R) - (1= /RN > () e = (en),
so the proof is complete. O

Corollary 8.2. Let n,¢,p, and V be as in Lemma . Let I C [n] be a random set uniformly
chosen among the subsets of [n] of cardinality €. Then with probability at least (aggm)¢, the set
1 satisfies

(1) IVill, < ,/Qm’ﬁ for all j € I;
2) |Shes zjijQ > qzapy/n |12l for any z € CI.

Proof. Let J be the set appearing in Lemma Conditionally on the event |J| = ¢, the set J
is uniformly distributed among the ¢—element subsets of [n]. Since the conditional probability
is at least as large as the unconditional one, the corollary follows. O

If B is an nxn matrix, then s,_j1(B) < s if and only if there exists a linear subspace E C C"
of complex dimension k, such that for any « € E, ||Bz||, < s||z||,. The subspace E can be
represented as V' ' CF, where V is a k x n matrix with orthonormal rows rowy(V),...,row(V).
The bound on the singular value is thus equivalent to HBVTH < 's. Assume that we managed
to construct the matrix V' so that its rows are well spread. Then Corollary allows us to
relate the bound on s,,_g4+1(B) to magnitudes of projections of columns of B onto orthogonal
complements to spans of some other columns, thus eliminating the unknown matrix V. To take
advantage of this corollary, we will combine it with the following deterministic lemma.

Lemma 8.3. Let n,¢,p be as in Lemma and let V be the set of all k x n matrices V with
orthonormal rows such that (rovvj(V))*[ n) = p/\/n for all j € [k]. Assume that B is an n xn

matrix such that HBVTH < s for someV €V and s > 0. Let Iy be the set of all subsets I C [n]
of cardinality ¢ satisfying conditions (1) and (2) of Comllary- Then for any I € Ty we have

2
| Preol;(B)|, < L1 [ for at least £/2 indices j € 1,
agzp \ 1k

where Py denotes the orthogonal projection onto (span{col,(B): u € [n] \I})J‘

Proof. Fixaset I € Zy. We use the following identity valid for all vectors X ;) = (z(;)1, - -, T(3)n) €
Cr,iel:

H > VX
el

2S:i“zx(i)j% : inf szl f

>

2 = wet, Jufl=1

inf szw D 1X@l3:
i€l

wGCI llwll2=1
Applying the identity to vectors Prcol;(B), i € I, and using the fact that I € Zy, we obtain that

> " Vi(Preoli(B

el

Z\ﬂf

2

k
C@gI:DPZnE > || Preoki(B)|3 <

iel HS
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The Hilbert—Schmidt norm can be estimated as

3 Vi(Preoki(B))T Pr( Y col(B)Vi")
el

i€l HHS ’

Py ( En: coli(B)vf)
=1

‘HS ‘

HS
-] <] <
Hence,
2
' c I|I)=T[¢/2] and Vi € I' ||Pyeoli(B)|, < V2s iy
|1\ nk
as required. N

To make use of Lemma 3.3 in our random model, we will need sufficiently strong anti-
concentration estimates for || Pycol;(A)]||2, which are not always available. Indeed, if ¢ < e=“P"p
then with a large probability the matrix A contains at least ¢ rows whose only non-zero ele-
ments are the diagonal ones. Then, whenever J is the set of indices of those rows, the kernel
ker((AZ)T) is the coordinate subspace, and || Pjcol;(A)|j2 = |z| with probability close to one
for all j € J. However, with J chosen uniformly at random, we will be able to show that with
very large probability corresponding kernel contains a large orthonormal set of spread vectors,
and the random variables ker((A7)T) are well spread. Thus we are forced to introduce the
exceptional set of realizations of J for which we do not have a good anti-concentration. The key
property is that the probability of J falling into this exceptional set is much smaller than the
probability of the event described in Corollary

The next proposition is the main result of this section. We consider the case when B is
a random matrix with independent columns, and the matrix V can be constructed to have
sufficiently spread rows.

Proposition 8.4. Let n,p > 0, and let V be the set of all k x n matrices V. with orthonormal
rows such that (rowj(V))’[mJ > p/\/n for all j € [k]. Let B be an n X n random matriz with
independent columns. Let
0= |G’ k),
For I C [n], denote by Py the n x n orthogonal projection matriz whose kernel is the linear span
of col;(B), j € [n]\I.
For any (-element subset I C [n], let Fy(I) be a Borel-measurable set of (n — £) X n matrices

with columns indexed by the complement of the set I. Assume that for any I, any j € I, and

any realization of Bl from F(I), we have

\/§ n T
(8.2) P{ |Preol; (B)|, < ~— il Bly} <t.

Let J be a random subset of [n] uniformly chosen among the subsets of cardinality €. Let
Fom {MeC™m: PAML ¢ Fi(J)} < (am/2)' } -
Then

l
IP{HVEV: |IBV | SS&BGJ-}} < <O@n]‘/i> .

Remark 8.5. In our proof, F;(I) will be the set of all matrices AZ ,; such that the kernel of (A!

col
contains ¢/ orthonormal vectors with a good (cn/logpn)-th order statistic, ensuring estimates
(8:2). Thus F is the event that the kernel of (A7 )T has ¢/ orthonormal vectors with a good
order statistic for a random set J.

)T
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Proof. As in Lemma for a given V' € V let Zy be the set of all subsets I C [n] of cardinality
¢ satisfying conditions (1) and (2) of Corollary

For the random matrix B, define a random matrix V measurable with respect to B, con-
structed as follows: whenever for a given realization of B there is a matrix V € V with
HBVTH < s, choose V' to be such a matrix; otherwise, let V' be any matrix from V. To avoid
measurability problems, we can assume that B takes finitely many values. This assumption can
be easily removed after the proof of the proposition is complete. Denote

q:=Ppy {|[BVT| <5 & J €Ty & Bl € FulJ) & Be Fe.

We will estimate this probability in two ways. First, by Corollary[8:2] for any matrices M € Fy
and V € V satisfying HMVTH < s, we have

P{J eIy & M), € Fo()} > P{J € Iy} —P{M], ¢ Fi(J)}

A~

> ()’ — (@gm/2)" > (am/2)"

Hence,

q=Ep (P{JEI~ &BJlG.F[( | B}-lIIB";THSS‘lBe]:Z)
(8.3) > (qgm/2)" P{|BV"|| <s & B e F}.
On the other hand,

0 <Py {|BVT| <5 & T €Ty & Bl € Ful))}
=Ej[Eps (Epse (L ppry<s  Liezy *1ps x| 4 Bia) | )]
=E;[Eps (EB;Z(1||BVT||<S Liez, | J,Boy) - 1ps ery | J) ]

Applying Lemma we get that the event {\|BI~/T|| <sand J € 2‘7} is contained in the event

2
{ | Pycol;(B)|l, < £1 [ s for at least ¢/2 indices j € J}.
1P \ nk

Hence,

EBJC( IBVT|<s 1J€I~ |J Bcol)

col

P <3jC J|J| =T[t/2] such that Vie J ||Pscol;(B )z <

2 col>

Note that conditioned on any realization of J and B/, the projections Pscol;(B), i € .J, are
jointly independent. Therefore, on the event {B., € F;(J)} we can apply (8.2) together with
the union bound over all [¢/2]-element subsets of J to get

col

L
EBJC( IBVT|<s 1J€Z~ ‘ J, Bcol) 1Bgol€]-'g(J) < <L£/2J> ’ té/z < (C\/i)e
In combination with the above inequalities, this yields
qg < (C’\/i)e.

Combining it with (8.3)), we conclude the proof of the proposition. O
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9. THE INTERMEDIATE SINGULAR VALUES

In this section we are concerned with bounding intermediate singular values s,_(A) for
n/ logcn < k < n(pn)~¢. Note that for pn polylogarithmic in n, the interval for k is empty,
and the results of this section do not enter into the proof of the circular law. The estimates
obtained here become important when pn < logn, and will be used in the next section to
verify uniform integrability of logarithm with respect to empirical measures of singular values
of A,. Estimating the intermediate singular values in the setting of random directed d-regular
graphs was an important step in the proof of the circular law for that model in the regime when
the degree d is sub-logarithmic in dimension [22]. We note that in [22] a completely different
approach based on bounding distances between matrix columns and uniform random mormals
to certain random subspaces was employed.

Assume that the matrix A is such that the event £440q occurs. In this section, we will show that
for a random set J of a fixed cardinality, with high probability the space ker((fi‘c] OZ)T possesses a
large orthonormal system of sufficiently spread vectors. We start with a deterministic statement
asserting the existence of an orthonormal basis of spread vectors in any fixed subspace (see [22]
Lemma 4.3] for a related statement).

Lemma 9.1 (Basis of spread vectors). Let E C C™ be a linear subspace of dimension k > C'logn.
Let

k
1<s< —_—
>8> qﬂlog(n/k)’

where qgz > 0 is a sufficiently small universal constant. Then there exists an orthonormal basis

ul,...,up i E such that (uj); > ﬁ for all j € [k].

Proof. Let ug be a random vector uniformly distributed on S"~1(C) N E. Let P$9 be the
coordinate projection on C’, J C [n]. We will show that with large probability for any s—element
subset J of [n], up satisfies | P§*up||, < 1/2. To this end, we represent up as Pgg/ || Prgll,
where Pg is the projection on E, and g is the standard Gaussian vector in C™. Then by the
Gaussian concentration

P{ |[Pgll, < VE/2} < exp(—ck).

Also, E HPjrdPEgH; <E HPjrdgH; = s since for any B € C"*", IEHBgHg depends only on the
singular values of B. Using the Gaussian concentration again, we derive

P{ HPjrdPEguz >t} < exp(—ct?)
for t > 24/s. Choosing t := /Cslog % (for a sufficiently large C' > 0), we get

1
k<n> -IP)(HPjrdPEgH2 >t) <exp <logk‘ + slog o Cslog 2) < 1
s S s

P{HJ - GZ]) : HPjrdUEHQ > 20\/3 \/@}
&

n n
<p{3re (") |prire, > ovs i & 1Pl >

Vk 1
< — 5 < —
+#{IPegl, < 5 b < 5

Hence,
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and by the union bound, a Haar—uniformly distributed random orthonormal basis u1, ..., u; in
FE satisfies

Vie[k]VJ€< ) H P

with probability at least 1/2. For any such realization, we have H 1/2, which implies
the lemma. 0

Lemma above allows to construct an orthonormal basis with a good control of the ¢
norm of the vectors. Yet, it does not give sufficiently strong information on the size of the vector
support. On the other hand, Proposition which we proved earlier in this paper, provides
lower bounds on the en/log(pn)-th order statistics of almost null vectors but does not imply a
strong upper bound on the £, norm.

We would like to combine Lemma [09.1] with Proposition [6.4] to improve the “spreadness”
property of the vectors in the basis. Yet this is not always possible since F := ker((Acol) )
can be a coordinate subspace for some ch01ce of J, as we discussed in the previous section.
Fortunately, even if constructing a good orthonormal system in ker((gcjol)T) is impossible for
all sets J, it is possible for a random set J with high probability. In view of Proposition
this would be enough. To show this property of ker((A7 )T), we will utilize the concept of
T

)

the matrix compression: for any realization of J, we replace ker((g‘cjol) with its subspace

having the form ker(gb(gT)) for a specially chosen compression ¢. On the one hand, existence
of the compression is guaranteed with high probability by Lemma [£.12] On the other hand, the
required structural properties of ker(gb(AT)) can be verified by combining Proposition and
Lemma In this respect, the matrix compression allows to replace the problem of describing
the geometry of ker((A;’ol)T) (which turns out to be a complex mixture of spread and sparse
vectors) with studying a relatively simple subspace ker(d)(ﬁT)) which typically contains only
spread vectors.

Proposition 9.2. Let n, p, z and the matriz A satisfy assumptions (Al)-(A2)—(A3)). Fiz a
realization of A in Egooq. Let £ > n'/2 be a natural number. Let J be a random subset of [n] of
cardinality ¢ uniformly chosen from the sets of this cardinality. Let

n
AI:::L~ J,
qEﬂlog n

and for every fized I C [n], |I| = ¢, let Fy(I) be the set of all (n — £) x n matrices B (with rows
indeved over I1°) such that the kernel of B contains |qggl| orthonormal vectors vi,. .., V| gy
with

(9.1) (0))is = jﬁexp (~Ciog'omytog (5)), j=1.2.. laml).

Then

B (A7 ¢ 7)) < (E2)

log pn
We will use this proposition to show that &,,0q4 can play the role of F; in Proposition

Proof. Define Ky := 22 K := K¢/2 and ¢ := 210 . Since A belongs to ggaN g1, We can use
Lemma [1.12] Namely, let € be the event (with respect to the randomness of J) defined in the
lemma. It is sufficient to show that for any realization of J from &, we have (AJ ) E Fo(J).
Fix any realization of J from &£ and let ¢ be the mapping defined in Lemma [4.12] Observe
that the kernel of (A‘] )T contains the kernel of the matrix ¢(AT). Further, by Lemma
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there is an orthonormal basis v, va, ..., v|s in the kernel of #((A)T), such that for
= min (|aglet)/log 1 |, L))
we have (v;); > 5 \F for all vectors from the basis.

Observe that the matrix AT and the mapping ¢ satisfy conditions of Proposition Hence,

we have for all i:
('Uz)*M ( ) Cgglog? 4n log (pn+log 47")'

This implies that (Kgol)T € Fy(J), and the statement follows. O

We will now establish a bound for intermediate singular values necessary to derive the circular
law. Our main tool is Proposition reducing the singular value bound to the bound for the
distances between a random set of rows of the matrix and one row from the complement of this
set. To apply it, we will construct a special projection matrix P; for any set J C [n], |J| =¢.
Note that any such projection matrix can be represented as Py = Q Q) 7> Where Q Jisann x/{
matrix whose columns form an orthonormal basis of the space H; = (span(col;(A A), j ¢ )t
Any vector in such basis is in the kernel of the (n — ¢) x n matrix B which is obtained from the
matrix AT by deleting the rows from J. We will use Propositionto construct an orthonormal
basis of spread vectors.

Theorem 9.3. Let 3,0 € (0,1). Letn, p, z and the matriz A satisfy assumptions (A1])—(A2])—
(A3). Then

~ n —qzavn
such that s,_(A) < e~ Clog™ I 1og'®(pn) ¢, 5good} < <1> _

n
100 pn

]P){Elk = log™"' n

Proof. Fix an integer k > o0 . Denote
7= o~ Caalog'® 7 log'* (pn)

Fix for a moment any realization of A such that Ego0a Occurs and such that sn_k(g) <7.Let &
be the subspace spanned by the k singular vectors of A corresponding to the smallest singular

values. Then for any = € S 1(C) N E, we have ||Az||; < 7. Choose an orthonormal basis
v1,...,v; of E as in Lemma Then for

= llo]/ck)J

and for any j € [k], we have (v;); > Hence, assuming that (gm is large enough, we have

- 2\/*
~ 1 n
14vsll2 < 7 < Vn(v)); 5~ (200)~Clos” %3t log" (pm)
Q
and, as long as s < ¢/p, the assumptions of Proposition are satisfied. By this proposition,

Y upadn oy 1
(v3)ir 2 () exp (= CO'log = log*(pm)) = —p

with

. 5@” _. o Ryl 44£ 4
M = hogan =:|nn| and p:= exp( C" log ’ log (pn)),

Where we used log( ) < 210g( ) to estimate p. On the other hand, for s > ¢/p, the bound
()3 >3 f follows immediately from Lemma This means that for these 77 and p, the k xn
matrix V with rows v1,...,v; belongs to the set V defined in Proposition Thus,

(9.2) P{sn_k(ﬁ) <r& 5good} < IP’{HV eV |AVT| <7 & 5g00d}.
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To apply this proposition, we will construct a projection Pj for a set J C [n] with
] = €= |en*pk),

for which (chol)T € Fu(J), where Fy(J) is defined in Proposition This requires checking
that holds for P;. By the assumption on k, 4n'/2 < ¢.

Fix an /—element subset J of [n], and condition on a realization of (chol) from Fy(J). We
define projection P; as Py := QJQJ, where Q7 is an n X £ matrix whose columns Q1,...,Qy
form an orthonormal basis of ker((Ag ' )1). We will choose a special orthonormal basis. Namely,
we will choose |qgzf| orthonormal vectors Q1,...,Q g satisfying the condition and

complete them (arbitrarily) to an orthonormal basis of ker((Agol)T).
By (B-1), for any j < azaf, we have

(@i > = exp (~Clgalog" (7)o" (om))

where
lo <E)<C lo L + log* An log*(pn)
S\ =2 1% Nlogn 8% )P
Therefore,
(9-3) (@) = LeXp -C log?® (pn) log!® an _. P
This estimate will be instrumental in obtaining the small ball probability bound for || P, JCOli(AV)’ . =

J which is needed to apply Proposition _
Take j < |qgml], @ € J, and apply the Lemma [3.2| to the random variable Y; = (Q;, col;(A)).
In combination with (9.3)), it yields

n

L. p/(av/m)) = £((av/n/5) 3 (Qy)mmis 1)

m=1
&

= VZLID VIR

« log o _

< (pn)~V4 = 1/8.
p/a
Now, we have to turn the estimates for individual inner products Y; into the bound for
| Pyeol;(A)||3 > > j<ara |Y;|%2. We have to deal with dependencies between Y;’s. Set Z :=

ij?q 0,5/ ([{Qj, col; (A)]). Then EZ < (¢/8)|quzl], and so the probability that Z >
lazz¢] /8 does not exceed ¢. This means that conditionally on J and A7

col?

L

P{HPJcou(fT)HQ < p@} < P{ > 1@y oA < ”;f?g} <t

V2n

V2o n,
Ve g
|1 \ nk
We have checked that A satisfies (8.2) with s playing the role of s. By Proposition
]P)J(Acol) (4zm/2)%, so we can use Egooq as Fy in Proposition

Define s’ via the relation
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Applying Proposition [8.4] we conclude that

~ o\’ 1\"V"
IP{EIV eV: |AVT] <5 & ggood} < () < ()
n pn
since ¢ > 44/n. Substituting the values of n, p, and p, we see that s’ > 7. This inequality, in
combination with (9.2)), implies the desired estimate for a fixed k. Taking the union bound, we

obtain a similar estimate for all s,,_j(A) simultaneously. The proof is complete. O

10. PROOF OF THE CIRCULAR LAW

In this section, we apply the previously obtained singular value estimates to prove the main
result of this paper, Theorem The derivation of the circular law relies on [6, Lemma 4.3]
(see also [32]), which we restate below.

Lemma 10.1. Let M,, be a sequence of n X n random matrices. Denote by p, . the empirical
measure of the eigenvalues of M, and by v, . the empirical measure of the singular values of
M, — zId,,. Assume that for a.e. z € C,

(1) the function f(x) =logx is uniformly integrable with respect to the measures vy, , i.e.,
for any € > 0, there exists T > 0 (determined by € and z) such that

limsup P / |log s| dvp .(s) > € p < e;
neN |log s|>T

(2) the measures vy, , converge vaguely in probability to a deterministic measure v, supported
n (0,00), i.e., for any compactly supported function h € C((0,00)),

/ h(s)dvy, (s —>/ s)dv,(s) in probability.
0

Then uy, converges weakly in probability to the unique probability measure p on C satisfying the
equation

/ log |\ — z| du(X) = / log sdv,(s) for all z € C.
C 0

This lemma was employed in recent works [12, 22] on the spectrum of d-regular directed
graphs. Note that assumption in [6, Lemma 4.3] required the weak convergence. How-
ever, once the uniform integrability is established, the weak and the vague convergence become
equivalent.

We will apply this lemma with M,, = ﬁfln. In our case, u will be the uniform measure

on the unit disc. The derivation of is standard and will be sketched at the end of this
section. We will not calculate the measures v, explicitly. Instead, it will be enough to show
that v, , — 1/,? ., converges vaguely to 0 in probability for a.e. z € C Here yg , is the empirical
measure of singular values of me and Gy, is the n x n matrix with i.i.d. N (0, 1) entries. Since
the circular law for the Gaussian matrices is known, this uniquely defines the measures v,.
The main effort will be devoted to proving . The logarithmic function has singularities
at 0 and oo. Establishing uniform integrability at oo is very simple and relies on the fact that

E | e ]
smallest and the smallish singular values derived in Sections[7] and Q] respectively. Yet, the bound

for the singular values sn_k(\/ﬁfln — z1d,,) obtained in Theorem is too loose to be applied
for all k. We will be able to use it only for k <

is bounded. The proof of uniform integrability at 0 uses the estimates for the

m. For larger k, we need a tighter bound.

To this end, we use the idea of [12] based on the comparison of v, ,([0, s]) and l/g .([0, s]) for
sufficiently large s. In our case, the comparison with the Gaussian matrix does not seem to be
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feasible. Instead, we compare v, ;([0, s]) with the empirical measure of the singular values of
a new random matrix obtained by replacing relatively small values of \/ﬁfln — zId,, by i.i.d.

N(0,1) variables. This will require bounding the Stieltjes transform of Gaussian matrices with
partially frozen entries. Such bound is obtained in Subsection The uniform integrability is
established in Subsection [10.2} Finally, in Subsection we establish the vague convergence
and complete the proof of Theorem [I.2]

10.1. Gaussian matrices with partially frozen entries.

Lemma 10.2. Letn >k > 1, and let E C C" be a linear subspace of co-dimension at least 2k.
Let X = (X1, Xo,...,X,) be a random vector in C™ with mutually independent coordinates, and
assume that at least n — k coordinates are real Gaussian variables of unit variance and possibly
different means. Then

P{ dist(X, E) < vk} < e,

where ¢ > 0 1s a universal constant.

Proof. Denote by I the set of all indices corresponding to the Gaussian variables, so that || >
n — k. Further, condition on any realization of coordinates X, ¢ € I€.
Let Proj be the coordinate projection onto the span of e;, ¢« € I. Obviously, we have

dist(X, E) > dist(Proj(X), Proj(F)),

where Proj(E) has co-dimension at least k, when viewed as a subspace of C!. On the other hand,
Proj(X) is a real Gaussian vector in C! with identity covariance matrix, and the statement of
the lemma follows as a consequence of standard concentration inequalities. O

A combination of the above lemma with the negative second moment identity yields

Proposition 10.3. Let n > k > 1, let V = (v;;) be an n x n random matriz with mutually
independent entries such that for any j < n, at least n — k components of the j-th column of V
are real Gaussian variables of unit variance. Then

P{sp_sk+1(V) < ck/v/n} < ne” <k,
where ¢ > 0 1s a universal constant.

Proof. Let V be the n x (n — 2k) matrix obtained from V' by removing the last 2k columns.
Obviously, we have

Sn—3k+1(V) > sp_sp+1(V).

Further, to estimate s, _3x+1(V), observe that, by the negative second moment identity,

);
_ n—2k _ n—2k _ _
ksp_sii1(V) 2 < Z 552(V) = Z dist(col;(V),span{col; (V) : i # j})~2.
j=1 j=1

By the above Lemma, we have
P{ dist(col;(V), span{col; (V) : i # j}) < Vk} <e™k
for any j < n — 2k. Taking the union bound, we get the result. O

Given an n x n matrix M and a complex number z, denote by H,(M) the 2n x 2n matrix of

the form ) . B.(M)
100 = (g0 *9")
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where B, = ﬁM — zId,,. The eigenvalues of H,(M) are the singular values of B, and their
negatives. Further, given w € C, denote by m, (M) = my, (M) the Stieltjes transform of the
empirical measure of the eigenvalues of H,(M):

(M) = % e (Ho (M) — wTday) L.

As an immediate corollary of Proposition [10.3] we get
Corollary 10.4. Letn > k > 1, and let V' be an n X n matriz with mutually independent entries

such that for every j < n, at least n — k coordinates of the j-th column of V are real Gaussian

variables of unit variance. Let z € C and let w € C be such that Re(w) = 0 and Im(w) > k/n.

Then with probability at least 1 —n?e~* we have

Im(m,,(V)) < C,

for some universal constants C,c > 0. In particular, if k > C'logn for a sufficiently large
constant C' > 0 then necessarily

EIm(m,(V)) < C'.

Proof. Without loss of generality, we can assume that Im(w) = k/n. First, by applying Propo-
sition m to matrix \/nB,(V) =V — zy/nld,, we get with probability at least 1 —n? e~¢*:

Sn—i(Bz(V)) > % for all i > Ck.

On this event we have

On the complement of this event we can use the trivial bound Im(m,(V)) < m < n. Hence,

if & < Cjlogn for a sufficiently large constant C7, the combination of the two bounds gives
EIm(my(V)) < Cs. O

10.2. Uniform integrability of the logarithm. Here is the main result of the subsection:

Proposition 10.5 (Uniform Integrability). Let A, be a sequence of random matrices as in
Theorem . For any z € C denote by vy, . the empirical measure of the singular values of
the matrix ﬁAn — zId,,. Then for any z € C with Im(z) # 0, the function f(z) = logz
is uniformly integrable with respect to measures vy ., i.e., for any € > 0, there ewists T > 0

(determined by € and z) such that

lim sup P / |log s| dvp . (s) > e p <e.
neN |log s|>T

Before proving the proposition, let us consider some auxiliary lemmas. The first is an ele-
mentary observation on conditional distributions.

Lemma 10.6. Let A = (&) be an n x n random matriz with i.i.d real valued entries of mean
6 and unit variance. Further, for any L > 1 and any subset QQ C [n] x [n], let £, g be the event
that |&;; — 0| > L for all (i,5) € Q and |&;; — 0| < L for all (i,j) € Q°. Then

e Conditioned on any £, with P(Er.g) > 0, the entries of A are mutually independent;
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e There is C¢ > 0 determined by the distribution of &;;’s such that, whenever L > C¢ and
Q C [n] x [n] satisfy Er.o # 0, for any (i,j) € Q° we have [E(&; |Er.g) — 0] < % and

3 < Var(&;|Erg) < 1.
Moreover, denoting by Pr, the collection of all subsets Q) C [n] x [n] such that P(Er.q) > 0 and

{i<n: (i,5) € @, {i<n: (i eQ}|<

we have for all L > 1:

L2 for all j € [n],

P( U €ro)=1-2ne/m
QEPL

Proof. Without loss of generality, 8§ = 0. The mutual independence of the entries conditioned
on &r, ¢ is obvious. Further, we have for any (7,j) € Q%

B e 1<n)| _ BGEisLig,>1)] _ 1 <2
P{|£lj| < L} P{|£w’ < L} N LP{|£U| < L} B L7

|E(&ij | EL,Q)l =

if L > /2, where we used Cauchy—Schwartz’ and Markov’s inequalities. Denote ¢ := E(&;; | £L.0)-
Then
E(&1g,1<1)

1
ey lsyi=ks 2
RS

Var(&ij | €L.q) = E(& | ELg) — ¥° = >3

provided that L is sufficiently large.
Finally, observe that for any ¢ < n, the event

{7 <ne gl > LY > 2n/L%}

has probability at most e~ (by applying Bernstein’s inequality). Taking the union bound
and combining this with the definition of Py, we get the result. O

2n/L4

In what follows, we will need the next result of Chatterjee [9, Theorem 1.1].

Theorem 10.7. Let N be a natural number, and let X and W be independent random vectors
in RN with independent components satisfying EX;, = EWj, EX? = IEJI/V]-2 for any j € [N].
Assume that
73 =: max max (E|X;|?, E|W;|*) < oo
JE[N]

Let f € C3(RY) and denote

— 3/r
A3(f) = Sup max, max, |07 f ()7

Then
Ef(X) —Ef(W)| < CysAs(f)N

where C' is a universal constant.

The next lemma appears as a combination of results from [I2] and observations made in the
previous subsection.

Lemma 10.8. Let (A,,) be a sequence of random matrices from Theorem and set 6 .= EE.
For any z € C with Im(z) # 0 we have

E vy . ([0,7]) < Cagan  for alln > (pan)™,

where vy, . is defined as in Proposition Cog > 0 depends only on z and 0 (and not on n)
and ¢ > 0 is a universal constant.
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Proof. An elementary comparison between the indicator function and the Poisson kernel implies
that for any 7 > 0, n € N and z € C, for any n x n matrix M, and for m;, defined the same
way as in the previous subsection, we have

(10.1) Ev([0,7]) < CnE Im(my,(M)),

where v denotes the normalized counting measure of singular values of ﬁ]f\\j — zId,, (see, e.g.

[29, Section 2.4.3]).

Fix z € C with Im(z) # 0. Let n € [(pan)~'/?°,¢], for a small enough constant ¢/ > 0. Set
L := n~2 and fix for a moment any subset Q € Pr, where Py is defined as in Lemma m
Set ¢ 1= % and 7 := Var(£ | | — 0] < L). We assume that constant ¢’ is sufficiently
small so that all assertions of Lemma hold true for L; in particular, |t — 0] < % and
7 € [1/2,1]. Observe that the random matrix M := (p,7)"Y2A, = (p,7)"/?(8;;¢i;)i; has
mutually independent entries; moreover, conditioned on &1, ¢, for each (4, 5) € Q° the (4, j)-th
entry of M has unit variance, and all entries corresponding to (7, j) € Q¢ are uniformly bounded
(by absolute value) by (L + |0])(pn7)~ /2.

Let us represent the probability space (2 as the product space €2 := Qg x Qge, where the
decomposition is generated by partitioning the set of entries of M into the subset indexed
over () and the subset indexed over Q°. Fix any point (wg,wqge) € €r.g, and define gL,Q =

({wo} x Qge) NEL,g. This way, everywhere on &, ¢ the entries of M indexed over @) are frozen
whereas the conditional distribution of the entries indexed over Q° is the same when conditioned
on &1, ¢ and when conditioned on £, . Further, let N be the cardinality of Q¢, let X = (Xj)seq-
be the random vector of entries of M indexed over Q¢, and let W = (W;)scq- be the vector of

independent real Gaussian variables of unit variance and mean /221, indexed over Q°.

We will apply Theorem to vectors X and W. Conditioned on <5~'L7Q, we have
E(X: | E.9) = E((par) /266 | | 0| S L) = [0 =EW,, s € Q"

Further, E(X? | c‘j’LQ) =1 and
E(X[* | €L.q) = E((pa7)™/%0¢ | [ — 0| < L)
<pp PRI 4 )EE? | €] < L) < CU(L+ 10)p, 21+ 67), s € Q°
Thus,
73 < C'(L+|0])p, 2 (1 +6%) < CyLp, /2,

where 73 is defined as in Theorem [10.7] and Cy > 0 may only depend on 6. Now, we construct
the function f : R?" — R, as follows. Take any vector V = (V;)ge indexed over Q°. Then we
construct an n x n matrix V = (vij) by setting v;; := V/;;) whenever (i, j) € Q°, and setting v;j,
(i,7) € Q to the values of the entries of M fixed by our choice of event <€~'L7Q. Finally, we set
fV) = Im(min(f/)), where m;, is defined as in the previous subsection. The following bound
for A\3(f) can be extracted from [12], Proof of Proposition 8.2]:

C
As(f) < W'

Substituting the two above estimates in Theorem [10.7] we obtain

‘E(f(X) ’ gL,Q) - Ef(W)‘ < C//LPT—LI/2 . 2 < C///n7

nb/2ph
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by our choice of L and since n > (p,n)~ /2. Next, we estimate Ef (1) using Corollary Set
k := |2n/L?] and observe that, by the definition of P, we have [{i <n: (i,j) € Q°} >n —k
for all j € [n]. Further, by our choice of L and 1 we clearly have n > k/n. Thus, by our definition
of f and by Corollary @, we get Ef(W) < C. Note that the above estimate does not depend
on the particular realization of elements of M indexed over (). This implies

E(miy(M) | EL,q) < Cn,

and so, by ,

E(v.([0,7]) | EL.g) < C"n uniformly for all z € C and 71 € [(p,n) /2, ¢,
where v, js denotes the singular value distribution of the matrix ﬁM — zId,. Using that
7 >1/2 and in view of the identity v, . ([0, 7Y/2t]) = v, p([0,1]), t € Ry, we get

E(vn.-([0,7/2])) | EL.@) < C"n uniformly for all z € C and 5 € [(p,n) =20, ¢],
where C” > 0 may only depend on 6. As a final step, note that, by Lemma the union of
the events &, g, with ) € Pr, has probability at least 2n e~27/L*  The result follows. O

Proof of Proposition|10.5. For each n, z, denote the matrix \/ﬁAn—zIdn by V... The function
f(x) =log(x) is unbounded as x — oo and  — 0. The first singularity is much easier to handle.
Let T be such that |z| < €7/2/2. Assume that T > 1. Since the function l(;gzx is decreasing for

x > e, we have

3 T€72T
/5>eT |log s| dvy, - (s) < / Te*T's? dv, ,(s) = Z S?(sz) <

T n
s>e S]'(Vn,z)>6T

Te 2T

2
n HS

1V,

Since .
E—[Visls < 24202 < 24 €7 < 26,
n
the uniform integrability at oo follows from Markov’s inequality.

Let us prove the uniform integrability at 0. Again, we take a parameter T' > 1. For any n
and z, let Enin = Emin(n, 2) be the event that

1
Smin | ——A, — 2Id,, | > exp (—C, 1o 3n ,
(= ) = e (-Culog*n)

where C, > 0 depends only on z and is chosen in such a way that P(Emin) > 1 — C,(p,n)” EI
(this can be done because of Theorem [7.1]). Further, let & = &;(n, z) be the event that for any
k> logl%n’ we have

1 4
(10.2) Sn—k <pnAn - zIdn> > exp (—Clogloo <lj> -logloo(pnn)> ,

where C' > 0 (independent of n) is chosen so that P(£;) > 1 — (p,n)~¢ (this is possible by
Theorem [9.3). Furthermore, let & = &»(n, z) be the event that for any 7 € [log™>%(p,n), e~ 7]
we have

(10.3) vn,=([0,7]) < G/,
where the constant (g is taken from Lemma Observe that
P(E5) < P{3i € [T,300loglog(p,n)] such that v, . ([0, e~7]) > Crgge~/>~/2}.

Combining this with the bound for the expectation of v, .([0,e7?]) from Lemma and
Markov’s inequality, we get

)

P(&)>1—C"e /2,
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Let us introduce two quantiles of the measure v, .. Set

1
t1 = sup {tZO: Vn,2([0,1]) < log4n} and

1

1
B 10g200 (pnn) } 7 10g400 (pnn)) .
Assume that the event &,,;, N &1 N Ey occurs.

ty = min <sup {t >0: vp,:([0,1]) <

Note that on the event & we have t9 > lgT

(pnn)”

Then
t1 C/
/0 |log s| dvp, . (s) < C'logn - vn,2([0,t1]) < g’
Assume for a moment that ¢1 < t9. Denote
n n
ki = and kg = | —s7——|.
= i) e = [ |

Then, by ([02),

[ hogslan(s) < y 1

log s| dvy, - (s - ‘log Sp— k( A, — zIdn)
t1 n :Zk \VPnT
ko log 2% (pp,n)
1 100 [ 4n 100 /1~.100 & 100 (4
< . < . _
< Z C'log < ? > log™ (ppn) < C'log™ (pnn) ; log . dx
k=k;
1

N 10g50(pnn)

Set t3 := max(t1,t). For s € [t3,e~ 1] we use the bound
log(1/t3)
[logs| <C > 1pgem(s),
m=T

which, by (10.3), yields
T log(1/t3)
/ |log s| dvy, . (s) < C Z Un.-([0,e7™]) < C"e T2,
t3 m=T

Combining the three previous inequalities, we conclude that

-T

/0 |log s|dvp . (s) < Ce 172 4 B(n, pn),

where 3(n, py) is a deterministic term which tends to 0 as p,n — oo. Since P(EpinNEINE) — 1
as ppn, T — oo, the uniform integrability is proved. O

10.3. Completion of the proof. Let u be the uniform measure on the unit disc in C. To
complete the proof of Theorem we have to check the vague convergence of the measures v, ,
to some deterministic measures v, such that

(10.4) [Clog A —z|du(X) = /OOO log s dv,(s).

As in [5l Lemma 9.1], it is enough to prove this convergence, assuming that the random variable £
(and so all entries of A,,) are bounded. The proof of this fact is standard and relies on truncation,
an application of the Hoffman-Weilandt inequality and the fact that the weak convergence is
metrized by the bounded Lipschitz metric. We omit the details as they appear in a number of
random matrix papers (see e.g., [8, Proposition 4.1]).
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For the empirical measures v, of singular values of real Gaussian matrices, this convergence
and (| are known, see, e.g. [13]. Thus, it is enough to prove that the measures v, , — v$

n,z
converge to 0 vaguely in probability. This step closely follows the argument of [12], so we will
only sketch it. Without loss of generality, we can check the vague convergence only for Lipschitz
functions. By [5, Lemma 9.2], which is a variant of [I12] Lemma 9.1],

/ f(s)dvn, (s / f(s)dvy, »(s) = 0 in probability

for any Lipschitz f : (0,00) — R with compact support. By the same lemma it also holds for
the measures 1/7?7 .. Therefore, it is enough to prove that

/f ) dvp (s /f L(s) = 0.

This convergence would follow if we prove the convergence of the expectations of Stieltjes trans-
forms, more precisely from

1 1
Emy, | — A, ) —Emy | —=G, | — 0 for all w € C with Im(w) > 0,
(\/pn ) (x/ﬁ ) (w)

where G, is the standard n x n Gaussian matrix. The convergence above follows in turn from [5]
Lemma 9.4], which is an extension of [12], Lemma 8.2] to general random matrices with bounded
entries.

This completes the proof of Theorem
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